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1. Introduction 



Abstract. We prove several minimal photon velocity estimates below the ionization threshold for 
a particle system coupled to the quantized electromagnetic or phonon field. Using some of these 
. results, we prove the asymptotic completeness (for the Rayleigh scattering) on the states for which 

the expectation of the photon number is uniformly bounded. 

o: 

(N 
X) 

(yQ • In this paper we study the long-time dynamics of a non-relativistic particle system coupled to the 

CN I quantized electromagnetic or phonon field. For energies below the ionization threshold, we prove 

several lower bounds on the growth of the distance of the escaping photons to the particle system. 
. (Here and in what follows we use the term photon for both photon and phonon.) Using some of 

these results, we prove the asymptotic completeness (for the Rayleigh scattering) on the states for 

■ which the expectation of the photon number is bounded uniformly in time. 
» ■ 

^ \ Model. The state space for our model is given by H := Hp J- and the dynamics is generated by 

the Hamiltonian 

H = Hp + Hf + Iig), (1.1) 

^ . acting on it. Here Tip is the particle state space, T is the bosonic Fock space, T = r(f)) := (B^ <S5s fl) 

based on the one-photon space f) := L^(R^), Hp is a self-adjoint particle system Hamiltonian, acting 

■ on Tip, and Hf := dr(a;) is the photon Hamiltonian, acting on J^, where uj = uj{k) is the photon 



dispersion law {k is the photon wave vector) and dr(6) denotes the lifting of a one-photon operator 
h to the photon Fock space. 



(N 
O. 

(N- dr(b)|tgn[, = > ^ 1 • • • O l 0feO 1 • • • 1 . (1.2) 

Here (8>^ stands for the symmetrized tensor product of n factors (for n = 0, is replaced by C 
^ \ and dr(6)|c = 0). The operator I[g) acts on % and represents an interaction energy, labeled by a 

■ coupling family g{k) of operators acting on the particle space T-Lp. 

For photons uj{k) = \k\, for acoustic phonons, u{k) x \k\ for small \k\ and c < u){k) < c^^, 
for some c > 0, away from 0, while for optical phonons, c < io{k) < c~^, for some c > 0, for all 
k. To fix ideas we consider below only the most difficult case of uj{k) = \k\. (For photons, to 
accommodate their polarizations, the one-boson space L^(]R^) should be replaced by L^(M^;C^), 
but the resulting modifications are trivial, see e.g. [291 13^.) the simplest case of linear coupling 
(the dipole approximation in QED or the phonon models), I{g) is given by 

I{g):= j {g*{k)®a{k)+g{k)®a*{k))dk, (1.3) 

with a*{k) and a(A;), the creation and annihilation operators, acting on T (see Supplement II for 
definitions). 

A primary model for the particle system to have in mind is an electron in a vacuum or in a solid 
in an external potential V . In this case, Hp := e{p) + V{x), p = —iVx, with e{p) being the standard 
non-relativistic kinetic energy, e{p) = |pp = — A^^ (the Nelson model), or the electron dispersion 
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law in a crystal lattice (a standard model in solid state physics), acting on Hp := L^(R^), and the 
coupling family is given by 

g{k) = |fcre(fc)e^'^ (1.4) 

where ^{k) is the ultraviolet cut-off. For phonons, /i = 1/2. To have a self-adjoint operator Hp we 
assume that F is a Kato potential. A key fact here is that there is a spectral point S G cr{H), 
called the ionization threshold, s.t. below S, the particle system is well localized: 

l|e"^VWII<l, (1.5) 

for any < 5 < dist(supp /, S) and any / G CJf ((— oo, S)), i.e. states decay exponentially in the 
particle coordinates x (|26l IH [6]). This can be easily upgraded to an A^— body system (e.g. an 
atom or a molecule, see e.g. [29\ I34|). Another example - the spin-boson model - will be defined 
below. 

Finally, the above can be extended to the standard model of non-relativistic quantum electro- 
dynamics in which particles are minimally coupled to the quantized electromagnetic field, which 
leads to I{g) being quadratic in the creation and annihilation operators a'^{k). 

Problem. In all above cases, the Hamiltonian H is self-adjoint and generates the dynamics through 
the Schrodinger equation, 

idti^t = H^jf (1.6) 
As initial conditions, ■00) we consider states below the ionization threshold, S, defined in (jl.l2p . 
i.e. ipo in the range of the spectral projection E/\{H), A := (—00,$]). In other words, we are 
interested in processes, like emission and absorption of radiation, or scattering of photons on an 
electron bound by an external potential (created e.g. by an infinitely heavy nucleus or impurity of 
a crystal lattice), in which the particle system (say, an atom or a molecule) is not being ionized. 

Denote by and Ej the eigenfunctions and the corresponding eigenvalues of the hamiltonian 
H, below E, i.e. Ej < S. The following are the key characteristics of evolution of a physical system, 
in progressive order the refined information they provide and in our context: 

• Local decay stating that some photons are bound to the particle system while others (if 
any) escape to infinity, i.e. the probability that they occupy any bounded region of the 
physical space tends to zero, as t —7. 00. 

• Minimal photon velocity bound with speed c stating that, as t — )• 00, with probability —7. 1, 
the photons are either bound to the particle system or depart from it with the distance 
> c't, for any c' < c. 

Similarly, if the probability that at least one photon is at the distance > c"t, c" > c, from 
the particle system vanishes, as i — )• 00, we say that the evolution satisfies the maximal 
photon velocity bound with speed c. 

• Asymptotic completeness on the interval (—00, S) stating that, for any ijjQ G Ran X(-oo,s)(^)) 
and any e > 0, there are photon wave functions fj^ G J', with a finite number of photons, 
s.t. the solution, ijjt = e~**^Vo) of the Schrodinger equation, (11. 6p . satisfies 

limsup \\e-'^"iJo - e"'^'*^i e"^^^Vj.|| < e. (1.7) 
J 

(It will be shown in the text that f^s fje is well-defined, at least for the ground state 
{j = 0).) In other words, for any e > and with the probability > 1 — e, the Schrodinger 
evolution approaches asymptotically a superposition of states in which the particle system 
with a photon cloud bound to it is in one of its bound states ^j, with additional photons 
(or possibly none) escaping to infinity with the velocity of light. 

The reason for e > in (II. 7p is that for the state $j f to be well defined, as one would expect, 
one would have to have a very tight control on the number of photons in /, i.e. the number of 
photons escaping the particle system. (See the remark at the end of Subsection 15.41 for a more 



ON QUANTUM HUYGENS PRINCIPLE AND RAYLEIGH SCATTERING 



3 



technical explanation.) For massive bosons e > can be dropped (set to zero), as the number of 
photons can be bound by the energy cut-off. 

We describe the photon position by the operator y := iVj. on L'^(M^), canonically conjugate 
to the photon momentum k (see j9] for a discussion of the notion of the photon position in our 
context). We say that the system obeys the quantum Huygens principle if the Schrodinger evolution, 
ipt = e~**^V'0) obeys the estimates 

dt t-'''\\dT{xu^.,)htf <\ml (1-8) 

for some norm HV'ollo) some < a' < 1, and for any q > and c > such that either a < 1 or 
a = 1 and c < 1. In other words there are no photons which either diffuse or propagate with speed 
< 1. Here xn denotes a smoothed out characteristic function of the set which is defined at the 
end of the introduction. The maximal velocity estimate, as proven in [9], states that, for ^ > 0, 
any c > 1, and 7 < f min(^, 2^), 

¥^{x\y\>-ct)~'M ^ i"1|(dr((y)) + l)ho\\- (1.9) 

Considerable progress has been made in understanding the asymptotic dynamics of non-relativis- 
tic particle systems coupled to quantized electromagnetic or phonon field. The local decay property 
was proven in [6l [3 [22l [23l [20l [211 E IH] > by positive commutator techniques and the combination 
of the renormalization group and positive commutator methods. The maximal velocity estimate 
was proven in 

An important breakthrough was achieved recently in [11] , where the authors proved relaxation to 
the ground state and uniform bounds on the number of emitted massless bosons in the spin-boson 
model. 

In scattering theory, asymptotic completeness was proven for (a small perturbation of) a solvable 
model involving a harmonic oscillator (see [2ll39]), and for models involving massive boson fields 
( [m [T71 [ISl [19] ) . Moreover, [23] obtained some important results for massless bosons. Motivated 
by the many-body quantum scattering, [HI [231 [13 [13 [Ej defined main notions of the scattering 
theory on Fock spaces, such as wave operators, asymptotic completeness and propagation estimates. 

Results. Now we formulate our results. For notational simplicity we consider (jl.ip . with the linear 
coupling (jl.3p . The coupling operators g{k) are assumed to satisfy 

W''^d^g{k)\\n, < Ikr^'^^ak), \a\ < 2, (1.10) 

where ^(/c) is the ultra-violet cut-off (a smooth function decaying sufficiently rapidly at infinity) and 
r] is an estimating operator on the particle space Tip (a bounded, positive operator with unbounded 
inverse), satisfying 

<1, (1-11) 
for any n = 1,2 and / G C§°((— 00, S)). For the particle model discussed in the paragraph 
containing ()1.4p . (jl.lOp holds with r] = {x)~^, where (x) = (l-l-|xp)^/^, and the ionization threshold, 
E, for which (jl.lip is true, is given by 

S := lim inf {f,H(f), (1.12) 

where the infimum is taken over = {ip £ T>{H)\ (p{x) = if |x| < R, \\ip\\ = 1} (see [26]; S is 
close to inf (Tess(-ffp))- For the spin-boson model defined below, rj = 1. 

Below, we assume ^ > —1/2 or // > 0. To apply our techniques to minimally coupled particle 
systems, where = —1/2, one would have to perform first the generalized Pauli-Fierz transform of 
[33] , as it is done in [9] (see also [291 [33]), which brings it to ^ = 1/2. 

It is known (see [6l|27]) that the operator H has the unique ground state (denoted here as <I>gs) 
and that generically (e.g. under the Fermi Golden Rule condition) it has no eigenvalues in the 
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interval {Eg^,'^), where Eg^ is the ground state energy (see [7|). We assume that this is exactly 
the case: 

Fermi's Golden Rule (UM) holds. (1.13) 
Treatment of the (exceptional) situation when such eigenvalues do occur requires, within our ap- 
proach, proving a delicate estimate ||Pn/(-ff)|| ^ id), where Pq denotes the projection onto Hp^Q. 
(0 := 1©0®. . . is the vacuum in J^) and / G C(f ((-Egg, S)\crp(f/')), uniformly in dist(supp /, crp(ff)). 

In what follows we let denote the Schrodinger evolution, ijjt = e~'^''^'ipo, i.e. the solution 
of Schrodinger equation (II. 6p . with an initial condition Vo, satisfying ipo = f{H)il)Q, with / G 
Co°°((-oo,S)). 

For A > -C, we denote HV'olU := (llV'of + ||(^ + Qitpof)^/'^. We define i^{p) > by the 
inequality 

{i;t,dT{coP)^l;t)<t''(P^m\% (1-14) 
where ||V'||p = llV'lli/ + llV'lldr(ajp)' shown in [;9] (see (jA.ip of Appendix |A|) that, for any 

— 1 < p < 1, the inequality ()1.14p holds for the the exponent ^{p) = (this generalizes an earlier 
bound due to [21] )• Also, the bound 

WMh, < UoWh (1.15) 

shows that ()1.14p holds for p = 1 with z^(l) = 0. With i'{6) defined by ()1.14p . we prove the following 
two results. 

Theorem 1.1 (Quantum Huygens principle). Assume (ll.lOp with p > —1/2 and (II. lip . Let either 
/3 < 1, or 13 = 1 and c < 1. Assume 

/5 z^(-l) -z^(0) 1 1 \ ,^ 

T/ien for any initial condition ipo G /(ii")L)(dr(cj~^)^/^), /or some / G Cg°((— oo, S)), i/ie Schrodinger 
evolution, tpt, satisfies, for any a > 1, the following estimate 

/ dt r^— (o)||dr(x M _i)5Vtf < llV'of-i. (1.17) 
Ji 

To formulate our next result we let r(x) be the lifting of a one-photon operator x (s.g. a 
smoothed out characteristic function of y) to the photon Fock space, defined by 

r(x) = e^=o(^"x), (1.18) 

(so that r(e*) = e^'"^'')), and then to the space of the total system. We have 

Theorem 1.2 (Weak minimal photon escape velocity estimate). Assume (ll.lOp with p > —1/2, 
(II. lip and (11.131) . Let the norm {g) := 1^|q|<2 ll^''^'t^"5llL2(M3,-Hp) ^/ coupling function g be 
sufficiently small and z^(— 1) < a < 1 — 1^{0). Then for any initial condition ipo G f{H)D{dT{{y))), 
for some f G C[f ((E'gg, S)), the Schrodinger evolution, Tpt, satisfies the estimate 

l|r(x|y|<c't-)V't|l ^ *"'^ll^o||dr((y»2 , (1.19) 
where 7 < ^ min(l — a — i^(0), ^{a — iy{0) — 

Remarks. 

1) The estimate ()1.17p is sharp if z^(0) = 0. Assuming this and taking i^(— 1) = (3/2 + p)^^ (see 
(jA.SP ) , the condition (jl.l6p on /3 in Theorem 11.11 becomes /3 > | + 5(3/2+^) 1 ^^^'^ the condition on 
a in Theorem (3/2 + p)-^ < a < I. 

2) The estimate (jl.lOp states that, as t — >• 00, with probability — t- 1, either all photons are 
attached to the particle system in the combined ground state, or at least one photon departs the 
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particle system with the distance growing at least as 0{t°'). ( (jl.l9p for > 1/2, some a > and 
■00 £ Ej\[H), with A C (-Egs,ei — 0{{g))) and ei the first excited eigenvalue of Hp, can be derived 
directly from [8l|9].) 

3) With some more work, one can remove Assumption (jl.lSp and relax the condition on ipQ in 
Theorem 11.21 to the natural one: V'o £ P^D{dT{{y))), where Ps is the spectral projection onto the 
orthogonal complement of the eigenfunctions of H with the eigenvalues in the interval (— oo, S). 

Let := dr(l) be the photon (or phonon) number operator. Our next result is 

Theorem 1.3 (Asymptotic Completeness). Assume (jl.lOp with n > 0, (ll.lip and (11.13p . Let the 

norm (g) := X]|a|<2 Wv^"'^ d"' dW (s.^ ,np) of the coupling function g be sufficiently small. Suppose that 

\\m^Pt\\<\\m^Po\\ + \ml (1.20) 
uniformly in t € [0,oo), for any -00 S D{N^/'^). Then the asymptotic completeness holds on 
RanS(_oo,s)(-f^)- 

As we see from the results above, the uniform bound, ()1.20p . on the number of photons (or 
phonons) emerges as the remaining stumbling block to proving the asymptotic completeness without 
qualifications. 

For massive bosons (e.g. optical phonons), the inequality (ll.20p (as well as ()1.14p . with = 0) 
is easily proven and the proof below simplifies considerably as well. In this case, the result is 
unconditional. It was first proven in |14j for the models with confined particles, and in ^17j for the 
Rayleigh scattering. 

The difficulty in proving this bound for massless particles is due to the same infrared problem 
which pervades this field and which was successfully tackled in other central issues, such as the 
theory of ground states and resonances (see [H [3^ for reviews), the local decay and the maximal 
velocity bound. As was mentioned above, for the spin-boson model (see below), a uniform bound, 
(04, e'^'^Vt) ^ C'('0o) < oo, (5 > 0, on the number of photons, on a dense set of V'o's, was recently 
proven in the remarkable paper [TT], which gives substance to our conjecture that the bound (jl.20p 
holds for a dense set of states. 

Spin-boson model. Another example of the particle system, and the simplest one, is the spin- 
boson model, describing an idealized two-level atom, with state space T-Lp = C^, the hamiltonian 
Hp = ea^, where a^,a'^,a^ are the usual 2x2 Pauli matrices, and e > is an atomic energy. 
The coupling family is given by g{k) = u)^ K{k)a^ , '^^ ~ \ C*^^ T^f''^)- this case, g satisfies (jl.lOp 
with r] = 1. For the spin-boson model, we can take S = oo. 

Approach and organization of the paper. In this paper, as in earlier works, we use the method 
of propagation observables, originating in the many body scattering theory ( [36 | [37 l [32 | [25 t l4T | [T2] . 
see [13i,31j for a textbook exposition and a more recent review), and extended to the non-relativistic 
quantum electrodynamics in [HI [24l [HI Ell EHl IH] and to the P{f)2 quantum field theory, in [15] . 
We formalize this method in the next section. 

After that we prove key propagation estimates in Sections [3] and HI Instead of |y|, these estimates 
involve the operator defined as b^ := ^{v{k) ■ y + y ■ v{k)), where v{k) := for e = t~'^, with 
some K > 0. Since the vector field v{k) is Lipschitz continuous and therefore generates a global 
flow, the operator 6^ is self-adjoint. We show in Section [6] that these propagation estimates give 
the estimates (jl.lTp and (|1.19p . (The operator b^ was considered in [I.M. Sigal and A. Soffer, 
Unpublished, 2004], as a regularization of the non-self-adjoint operator 6o used in [23]. We could 
have also used the operators b^, with < e < 70 := dist(A, ap{Hei)) constant, b := ■ y + ^ ■ y), 
ov b := ^{k ■ y + k ■ y) . Using b^ avoids some (trivial) technicalities, as compared to the other two 
operators. At the expense of slightly lengthier computations but gaining simpler technicalities, one 
can also modify b^ to make it bounded, by multiplying it with the cut-off function X\y\<cti with c > 1 
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such that the maximal velocity estimate (jl.9p holds, or use the smooth vector field v{k) := -^=j=^, 
instead of v{k) := ^;^-) 

Theorem 11.31 is proven in Section [5l As it is standard in the scattering theory, to prove the 
asymptotic completeness, we establish the existence of the Deift-Simon wave operator W+, mapping 
solutions of the Schrodinger equation into the scattering data (see [lll[l71[2l] and [35l [25l HU [12] for 
earlier works) . We prove the existence of W+ in Subsection 15.21 and then deduce from it Theorem 
11.31 in Subsection 15.41 A low momentum bound of [9] and some standard technical statements are 
given in Appendices El [B] and O 

The paper is essentially self-contained. In order to make it more accessible to non-experts, we 
included Supplement I giving standard definitions, proof of the existence and properties of the wave 
operators, and Supplement II defining and discussing the creation and annihilation operators. 

Notations. For functions A and B, we will use the notation A < B signifying that A < CB for 
some absolute (numerical) constant < C < oo. The symbol E'a stands for the characteristic 
function of a set A, while X-<i denotes a smoothed out characteristic function of the interval 
(— oo, 1], that is it is in C°^(IR), is non-decreasing, and = 1 if x < 1/2 and = if x > 1. Moreover, 
X->i := 1 — X-<i and x-=i stands for the derivative of X->i- Given a self-adjoint operator a and a 
real number a, we write Xa<a '■= X^<i-, and likewise for Xa>a- Finally, DiA) denotes the domain 
of an operator A. 

Acknowledgements. The first author is grateful to Jean-Frangois Bony, Jiirg Frohlich and Chris- 
tian Gerard for useful discussions. The last author is grateful to Volker Bach, Jean-Francois Bony, 
Jiirg Frohlich, Marcel Griesemer and Avy Soffer for many discussions and collaboration. His re- 
search was supported in part by NSERC under Grant No. NA7901. 



2. Method of propagation observables 

Many steps of our proof use the method of propagation observables which we formalize in what 
follows. In this section we consider the Hamiltonian (II. ip and assume (ll.lOp and (jl.lip . Let 
ipt = e~**^'i/'o- The method reduces propagation estimates for our system say of the form 

r-oo 

/ dt\\G]'^M^<m\l. (2-1) 

for some norm || • ||# > || • ||, to differential inequalities for certain families (j)t of positive, one-photon 
operators on the one-photon space L^(M'^). Let 

#i := dt(t)t + i[^,(t)t\, 

and let i'{p) > be determined by the estimate (jl.l4p . We isolate the following useful class of 
families of positive, one-photon operators: 

Definition 2.1. A family of positive operators on L^(]R^) will be called a one-photon weak 
propagation observable, if it has the following properties 

• there are 5 > and a family pt of non-negative operators, such that 

finite 

where rem^ are one-photon operators satisfying 

||^-p./2 renii II < , (2.3) 

for some pi and Aj, s.t. A, > 1 -|- v{pi)-, 
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• for some A' > 1 + z^((5) and with r] satisfying (jl.lip . 

( J \\v^tgfn,^-'d'ky <t-^'. (2.4) 

(Here (pt acts on (7 as a function of k.) 
Similarly, a family of operators cpt on L^(M^) will be called a one-photon strong propagation 
observable, if 

#t < -Pt+^ remi, (2.5) 

finite 

with pt > 0, remj are one-photon operators satisfying (|2.3p for some Aj > 1 + I'ipi), and (j2.4p holds 
for some A' > 1 + v{5). 

The following proposition reduces proving inequalities of the type of ()2.ip to showing that (pt is 
a one-photon weak or strong propagation observable, i.e. to one-photon estimates of d(j)t and (ptQ- 

Proposition 2.2. If (pt is a one-photon weak (resp. strong) propagation observable, then we have 
either the weak estimate, ()2.ip . or the strong propagation estimate, 

roo 

{iPt,^t^t) + / dtWCy^iJtf < WMl + llV'oll', (2.6) 
Jo 

with the norm ||?/'o||^ := llV'oll^ + ll^oll*; where ^t '■= dr(0() and Gt := dT{pt), on the subspace 
f{H)n C n, with f e C§°((-oo, S)). Here Uo\U := Uo\\s and UoWo = E llV'ollft- 

Before proceeding to the proof we present some useful definitions. Consider families ^t of oper- 
ators on H and introduce the Heisenberg derivative 

D^t ■.= dt^t + i[H, ^t], 

with the property 

dt{^Pt,^ti^t) = {i^t,D'^t4^t). (2.7) 

Definition 2.3. A family of operators on a subspace Hi C H will be called a (second quantized) 
weak propagation observable, if for all tpQ G Hi, it has the following properties 

• supt{iJt,^M < UoWl; 

• D^t >Gt + Rem, where Gt > and dt{^t,ReimPt) < ||V'o||<>, 

for some norms ||?/'o||*) || " ||^ ^ || " ||. Similarly, a family of operators $t will be called a strong 
propagation observable, if it has the following properties 

• $t is a family of non-negative operators; 

• D^t < -Gt + Rem, where > and j^^ dt{tpt,Re-m^t) < WMl, 
for some norm || • ||^ > || • ||. 

If ^t is a weak propagation observable, then integrating the corresponding differential inequality 
sandwiched by ipt^s and using the estimate on {ipt, ^tipt) and on the remainder Rem, we obtain the 
(weak propagation) estimate (|2.ip . with H^/'olll: •= llV'oll^ + II "00 11*- ^f is a strong propagation 
observable, then the same procedure leads to the (strong propagation) estimate 



POO 

(V'i,$iVt> + / dtwGy^iJtf < Uowi + Uo\ 

Jo 



(2. 



Proof of Proposition [2^ Let := dT{(j)t). To prove the above statement we use the relations 

DodTiPt) = dVidPt), i[I{g),dT{(Pt)] = -I{i(ptg), {2S 
where Dq is the free Heisenberg derivative, 

Do<^t :=dt<^t + i[Ho,'^t], 
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valid for any family of one-particle operators (/if, to compute 

D<^t = dr{d<Pt) - I{i(l>t9). (2.10) 

Denote {A)^ := {ip,Aip). Applying the Cauchy-Schwarz inequality, we find the following version 
of a standard estimate 

mg)U\ < ( I llwlll^,^~'rf'fc)^l|r/-VllllV'lldr(.*). (2.11) 

Using that = fi{H)tPt, with /i G Cg°((-oo, S)), fif = f, and using ^JT^, we find ||r/-Vt|| 
< Wi^tW- Taking this into account, we see that the equations (|2.1ip . ()2.4p and (|1.15p yield 

\{mt9u\<t-''+'''~'^m\l (2.12) 

Next, using (j2.3p . we find remj < remj u;^''*/^||a;^' < t~^^ijjP\ This gives dr(remi) < 

t~-^^dT{u}P'), which, due to the bound (I1.14p . leads to the estimate 

(dr(remi))^, <t-''+^(''')||V'o||^,. (2.13) 
In the strong case, (|2.5p and (|2.10p imply 

D<i>t < -dT{pt) + dr(remi) - liiM, (2.14) 

finite 

which together with ()2.12p and p.lSp implies that is a strong propagation observable. 
In the weak case, ()2.2p and p.lOp imply 

D^t > dT{pt) + dr(remi) - I{i<Ptg). (2.15) 

finite 

Next, since (l)t < Wuj-^/^cjytLO-^/^Wuj^ < t'^^^'^Lo^ we have dr((/)t) < t'^^^'idriuj^). Using this estimate 
and using again the bound ()1.14p . we obtain 

(Vt,$tV*> < t-^^'Hdr{u'))i>. < UoWl (2.16) 

Hence is a weak propagation observable. □ 

Proposition 2.4. Let (j)t he a one-photon family satisfying 

• either, for some 5 > , 

\\uj-^/'^(t)too~^/'^\\ < t'""^^^ and d<t)t > Pt - d^t + rem, (2.17) 

or 

dcpt < -Pt + d4>t+Yl (2-18) 

finite 

where pt > 0, rem, are one-photon operators satisfying ()2.3p . and (pt is a weak propagation 
observable, 

• (I23D holds. 

Then, depending on whether (I2.17P or (I2.18P zs satisfied, $t := dr(</>t) is a weak, or strong, 
propagation observable, with the norm ||^o|lo — llV'ollp; on the subspace f{H)'H C %, with f G 
C^((— oo,S)), and therefore we have either the weak or strong propagation estimates, ()2.ip or 
(j2.8p . on this subspace. 

Proof. Given Proposition 12.41 and its proof, the only term we have to control is dT{d(f)t). Using that 
(pt is a weak propagation observable and using (j2.7p . (j2.10p and ()2.12p for $t := dT{(j)t), we obtain 

dmt)^,\<\\M\l. (2.19) 



with 1 1 ■00 II |t := ||'0o||<> + llV'oll* (||V'o||<> and IIt/'oII* might be different now) , which leads to the desired 
estimates. □ 
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Remarks. 

1) Proposition 12.21 reduces a proof of propagation estimates for the dynamics (jl.6p to estimates 
involving the one-photon datum (u, g) (an 'effective one-photon system'), parameterizing the hamil- 
tonian (jl.ip . (The remaining datum Hp does not enter our analysis explicitly, but through the 
bound states of Hp which lead to the localization in the particle variables, (|1.5p ). 

2) The condition on the remainder in (|2.2p can be weakened to rem = rem' + rem", with rem' 
and rem" satisfying (j2.3p and 

|rem"| < x\y\>ct, (2.20) 
for c as in p.9p . respectively. Moreover, (12. 3p can be further weakened to 

POO 

/ |(Vt,dr(remi)V't)| <oo. (2.21) 
Jo 

3) An iterated form of Proposition 12.41 is used to prove Theorem 11.11 



3. The first propagation estimate 

Let I' (6) > be the same as in ()1.14p and recall the operator 6^ defined in the introduction. We 
write it as 

1 w 

be := -{9eVuj ■ y + y -VujO^), where 6*^ := — , := w + e, e = t (3.1) 

2 uj^ 

Theorem 3.1. Assume (fTTO]) with fi > -1/2 and (fTTT]) . Let i^(-l) - z^(0) < k <1. 
If either (3 <\, or (3 = 1 and c < 1, and 

/3 > max((3/2 + ^)~\ (1 + k)/2, 1 - k + - i/(0)), (3.2) 

then for any initial conditionipo € f{H)D{dT{uj~^)^/'^), for some f € Cq°((— oo, S)), the Schrddinger 
evolution, ^t, satisfies, for any a > 1, the following estimates 

) 

dt t-^-'^'^^^^mx^^yHtW' < uoW-v (3.3) 

ctP 

If ^{O) = 0, fj. > 0, and (5 satisfies (|3.2p and (3 < I, with c > 1, then, with the notation 

X ~ X( \y\ 

poo 

/ dt t-^\\dTiey\xj.=,xey')-^i^t\\' < \mi m 

Proof. We will use the method of propagation observables outlined in Section [2J We consider the 
one-parameter family of one-photon operators 

where a > 1. To show that (pt is a weak one-photon propagation observable, we obtain differential 
inequalities for (j)f We use the notation xp = Xv>i- To compute d(j)t, we use the expansion 

2 

d(t>t = t-'"'^^\dv)x',3 + — ^""^^^^ i^Xts - {dv)x',3], rema := -0/^(0)*"^*. (3.6) 

i=l 

Using the definitions in (j3.ip . we compute 
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Next, we have dtb^ = ^^f^^ {ojJ^O^Vuj ■ y + h.c.) on D{be), which, due to the relation ^{uj~^d^Vu! ■ 

, U \ -1/2. -1/2 , 

y + h.c.j = ojc o^uje , becomes 

K 



Using that (see Lemma iB.ll of Appendix [B]) 
and that 6^ > on suppx'^, we obtain 



The relations (j3.6p - (j3.9p . together with ^X/j ^ x'/?) imply 

3 



1 ^ , / ^ const 



t>i^-^)4 + T.'^m, (3.10) 



i=l 

where remi and rem2 are given in (j3.6p and 

remg = o(t-i-/3+«-«K0)), (3J1) 

This, together with 9^ = 1 — ^ and uj~^'x'i^ = uje '^^'^ x'l^uje + 0{t~l^~^'^) (see again Lemma fB. II of 
Appendix [B]). implies 

> - f )x', + 1:^^-- ^^-4 := (3-12) 

We have < ^-''^(o) and therefore, due to (|1.14p . the first estimate in (|2.2p holds. If either 
/3 < 1 (and t sufficiently large), or /3 = 1 and c < 1, then pt := (^ — j) is non-negative, which 
implies the second estimate in (j2.2p . Thus (j2.2p holds. By the definition ()3.6p and Corollarv IB. 31 
of Appendix |B] for i = 1, and by an explicit form for i = 2,3,4, we have the estimates 



a; 



-P^/^remiUJ-P^/^\\<r^\ (3.13) 



i = 1,2,3,4, with pi = p2 = = 0, p4 = -1, Ai = 2/3 - k + az/(0), A2 = 1 + az/(0), A3 = 
1 + /3 — K + av^O), and A4 = f3 + k + ai'{0). We remark here that the i = 2 term is absent if i^(0) = 0. 

The relation (|3.13p together with the assumption n < 1 implies (|2.3p with p = Pi and A = Aj, 
for rem = rem^, provided Aj > 1 + i^(pi). 

Finally, (12. 4j) with A' < az^(O) + (| + /i)/3, holds, by [9', Lemma 3.1], with be instead of \y\ (See 
Lemma IB. 61 in Appendix [B] of the present paper.). Hence (j)t is a weak one-photon propagation 
observable, provided 2/3 > 1 + k + iy{0) - ai'{0), (3 - k > - az^(O), (3 + k> 1 + - az^(O), 

and (| -|- pi)j3 > 1. Therefore, by Proposition 12. 21 and under the conditions on the parameters above, 

' dt t-P--^^)\\dT{x'p)htf < WM-i- (3.14) 

This, due to the definition of x'/^i implies the estimate (j3.3p . 

We now prove (j3.4p . We use again the notation X/3 = Xi>>ii where v := and we denote 
w := (^)^. We consider the one-parameter family of one-photon operators 

(pt ■■= XX/3X, (3.15) 
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and show that (j)t is a weak one-photon propagation observable. We have ||0i|| < 1 and therefore, 
due to (jl.l4p and the assumption z^(0) = 0, the first estimate in (j2.2p holds. Now, we show the 
second estimate in (j2.2p . To compute d^j, we use the expansion 



#t = x{dv)xpX + x{dw)xi3X + XXp{dw)x + ^ remj, (3.16) 

i=l,2 

where 

remi := x{dxp - {dv)xp)x, rem2 := {dx - {dw)x)X(3X + h.c. (3.17) 
As in (132D-(I3J]), we have 

xidv)x'^X>xi-^--^^)x'^X + rem3, (3.18) 

where rems = 0{t~^^^^'^). We consider the term — in ()3.18p . Since be = 6\^'^b6\^'^ , we obtain, 
using in particular Lemma IB. II of Appendix [Bl that 

xbex!px = x{x',f'el'%el'\x!,f'\ 

= eV\x',fi\hx{^,rX'' + o{n 

1/2 

and the maximal velocity cut-off gives x^X ^ ct. Thus, commuting again x through 6^ and 
(x'fl)^/^, we obtain 



-X^,X,X > -^X0y\',0l/h + Oi^J. (3.19) 



Proceeding in the same way for the term in (|3.18p gives 



- :Sk)x',x > '—^xel^\',ey\ + a'). (3.20) 



' b _ |'M^21- 



Next, we compute dw = 2(j^^ — {^)'^\), where, recall, h = ^{S/uj ■ y + h.c). By Lemma fB. II of 
Appendix [B] we have 

x!{dw)xpx + XXp{dw)x' = -2{xpY'\-x'x)^'\dw){-x'x)^'\xpf'^ + 0{-^). (3.21) 
Using that dw < (^ — 1) j on the support of x' and that x' ^ c > 1, we obtain 

{-^^fl\dw){-x:xf'^ > (1 - \)\i-XX)- (3.22) 
The relations (l3T6]l . (l3T8]l . IJTTi) and ([3:221) imply 

>Pt+Pt- ^ remj, (3.23) 



i=l, 2,3,4 



where rem4 = 0( ^/.^ ) and 



:= ^^y'xx;,x^y^ (3.24) 

Pt:={l-h]xT(-x')xxT- (3-25) 

The terms and pt are non- negative, provided /3 < 1/c and c > 1. Together with the assumption 
z/(0), this implies (|2.2p . Next, we claim the estimates 

||rem,||<r\ (3.26) 
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i = 1,2, 3, 4, with A = 2/3 — k. Indeed, the definition p.l7p and Coroharv IB. 31 of Appendix IB] imply 
(j3.26p for i = 1. The estimate for i = 3,4 are obvious. To estimate rem2, we write 

{dx - {dw)x')xi3X = {dx - idw)x')-^Xl3X, 
where X/3 = (^)~^X/3) and be = Oeb + ieuj^"^ . Using that, by Lemma lR4l of Appendix iBl 

\\dx - {dw)x\\ < r^, 

and commuting b through xp gives 

(dx - {dwW)xpX = ^idx- {dw)x')e.Xpbx + 0{-^^). (3.27) 
By Lemma lB.41 we also have 

\\{dx-{dw)x'M<t-^ 
Combining this with ()3.27p and the estimates lo^^ = 0{t'^) and bx = 0{t), we obtain 

(dx - idw)x')xpx = (3.28) 

and hence the estimate for i = 2 follows. 

The relation (|3.26p implies (|2.3p with A = 2/3 — k, for rem = rem^, provided 2/3 — k > 1. Finally, 
as above, (jTip holds with A' < ai/(0) + (| + /i)/3 by LemmaEHof AppendixlB This yields (fO]) . □ 



4. The second propagation estimate 

We introduce the norm {g) := X]|(^|<2 lk'"''9"fi'||L2(M3,-Hp)) for the coupling function g. 

Theorem 4.1. Assume (jl.lUp with /i > —1/2, (jl.lip and (|1.13p . Let (g) be sufficiently small, 
< K < 1, and < a < 1. Let f € C^{{Egs,^)) and tPo e V := f{H)D{dr{{y))). Then the 
Schrddinger evolution, ipt, satisfies the estimate 

l|r(X6.<c't")^?/'t|| <t~^\\M\dV{{y)Y , (4.1) 
for < (5 < ^ min(K — z/(— 1), 1 — k, 1 — a — J^(0)) and any d > 0. 

We define := dr(6f). As is [9l Proposition B.3 and Remark B.4], one verifies that P C 
D{dT{{y))) C D{Be). The proof of Theorem 14. II is based on the following result (cf. |36| 132]). 

Proposition 4.2. Under the conditions of Theorem \4.1l the evolution tpt = e'^^^Vo obeys 

\\XB,<ctipt\\ < i"^'llV'o||dr((y»2, (4.2) 

where 5' := | min(^— — 1 — k,1 — k, k — i/(— 1)). 

Remark. The constant C is independent of 70 := dist(£'gs, supp /) (but the implicit constant 
appearing in the right hand side of ()4.2p does depend on 70). 

Proof. Let e > be a constant. Let p < min(i^^^^ — 1, 1) where C > is a positive constant 
defined below. Consider the propagation observable 

*.:=-*'.(§). 

where := — 2)xBe<ct- Note that 92 < 0, but (p' > 0. Let (p' = ipf. The relations below 

are understood in the sense of quadratic forms on D. The IMS formula gives 

D^t = M + R, (4.3) 
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where M := -tP(piD{{ct)-'^B^)(pi - pt'^+fip and 

R := -l-[[Bi,^i],ipi]+tP{[H,^] - ±(^'Bi+Biip')), (4.4) 

where Bi := i[H,B^]. First, we compute the main term, M, in (j4.3p . We leave out a standard 
proof of f{H) G C^(-Be) (see e.g. |2Qt Theorem 8]) and standard domain questions such as that 
V C D{B^). We have 

d(^)=^DB,-^-^. (4.5) 
\ct J ct t ct ^ ^ 

The computations below are understood in the sense of quadratic forms on D. Since DB^ = 
i[Hf, B^] = iV,, where := dT{9^), we have 

DB, = N, + i, (4.6) 

where / := i[I{g), B^^]. To estimate the operator from below, we use that 0^ = 1 — to obtain 

N,>N- edr(a;7^). (4.7) 

Next, we estimate the term ipidT{uj~^)ipi. Using 

[dT{u;-'),^{^ - z)-'] = -{ctr\^ - z)-'dmu;:'){^ - z)-\ 

we obtain that 

Wm^:^), - z)-^]{N + l)-i|| < t-h-'\lmz\-^ 
ct 

and hence, since B^, commutes with N, the Helffer-Sjostrand formula shows that 

||[dr(c.7i),^i](iv + i)-i||<t-ie-2. 

Since, in addition, ||dr(a;7-'^)u|| < ||dr(tj^-'^)u||, we deduce that 

||dr(..7i)v9i(dr(a;-i) + t-h-\N + i))-i|| < 1, 

and therefore, by interpolation and (jl.l4p . we arrive at 

(^idr(a.7i)99i)^, <t'^(-i)||Vof-i+t-'+''(°)6-2||^o||2. (4.8) 



By the condition > —1/2 and (12. IIP (with 6 = 0), we have / > —C{g){N +rj ■^ + 1). Combining 
this with the definition of M, (fTTT]) . (fi3]> . (jOD . K7\\ and (gSD, we obtain 

(M)^, < - - C{g))N - t-'B, - C{g)]ipi + cp^)^, 

+ ^(^t'^(-^)||^of-i + t-^+'^(°)e-^||V'o||g). (4.9) 

Let := 1 © © . . . be the vacuum in T and Pq, the orthogonal projection on the subspace 
Tip © 0, Pq* := (0, ^)jr © Q. We now use the following 

Lemma 4.3. Assume (ll.lOp with p > —1/2, (11. lip and (I1.13p . Zei (g) be sufficiently small and 
/G Cg°((i^gs,S)). Then 

\\Pne-''''fiH)u\\ < t-'\\{B)u\l s < 1/2, (4.10) 
where B = dT(b) with, recall, b = ^{k ■ y + y ■ k) . 
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Proof. We use the local decay properties established in [21] and [7]. Let cj := (ej + ej+i)/2 and 
5j := ej+i — ej. We decompose the support of / into different regions, writing 

fiH) = f{H)xH<co + E fWx,{H), (4.11) 

finite 

where Xj{H) denotes a smoothed out characteristic function of the interval [cj — Sj/A, Cj+i + (5j+i/4]. 
Using Pfi = Pq{B), and [21], we obtain 

\\Pne-''''f{H)xH<con\\ = \\{B)-'e-'''' f{H)xH<cou\\ < t-'\mu\\, (4.12) 

for s < 1/2. 

To estimate WPne''^^ f{H)xj{H)u\\, we let Xj{H) := f{H)xj{H). In [7], assuming (fTTSll . 
a conjugate operator is constructed in such a way that the commutators [xj{H),Bj\ and 
[[Xj{H)^Bj\,Bj\ are bounded. Moreover, the Mourre estimate 

Xj{H)[H,iBj]Xj{H)>moXj{H)\ 
holds for some positive constant mo- By an abstract result of |32j . this implies 

\\{B,)-^e-''^UHm)-%<t-^, 

for s < 1. Since the operator Bj is of the form Bj = B + Mj, where Mj is a bounded operator, it 
then follows that 

||(^)-^e-*^Xi(^)(^)-1<^-^ 

and hence, using again that Pn{B) = Pfi, we obtain 

WPne-^'^'UHM = m-'e-^'^^UHM < t-^\\{B)u\\. (4.13) 
Equations gH]), (ITOIl and KWi give ()OTD . □ 
Together with (^iPq = Pn, the estimate (|4.10p gives 

{ipiPn^i)^, = {Pn)i,, < t-^'\\{B)M? < (4.14) 
Combining this with > 1 — Pq and ()4.9p . we obtain 

+ ^(^i'^(-^)||^o||^+t-^+'^(°)6-i||^o||^ + t-^iV'o|||.). (4.15) 
Now, using the definition <f{^) ■= — '2)xB^<ct, we compute 

+ P{-^) = ^ix + {^- 2)x') - Pi^ - 2)x 

= {{l-p)^ + 2p)x + §(§ - 2)x'. (4.16) 
Next, using that ^x < X, ~ 2)x' < (^ - 2)x', we find furthermore 

El^' + p{-^) < (1 + p)x + (^ - 2)x' = PX + < (1 + /o)'^'. (4.17) 

CI CI 

This, together with (j4.15p . with (pf = if' , gives 
(M)^, <- [^-1-p] ^ 

+ ^(6r(-i)||Vo||^+t-'+^(°)e-1V'o||g + t-'ll^o||^r((,»0, (4.18) 



where a := 1 — C(5). 
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Next, we show that the remainder, R, in (j4.3p is bounded as 

11(1 + ^-2 + Ar)-V2^(i + ^-2 ^ ^r)-i/2|| < i-2g-i_ (4^19) 

Indeed, proceeding as in the proof of Lemma using the Helffer-Sjostrand formula, one verifies 
that 

11(1 + ^-2 + Ar)-i/2^(i + ^-2 ^ ^r)-i/2|| 

< t-2||(i + ^-2 + Ar)-i/252(l + r]-^ + iV)"'/'||, (4.20) 

where B2 := [B^, [B^,H]]. Now, an elementary computation (see (j2.9p ) gives B2 = dr(e^e^r^) + 
7(6^5). Using eO^Lo^'^ < e"^ and \\I{rib'^g){l + iV)"^/2|| < ||,^62^|| < g-i since ^ > -1/2, we obtain 

11(1 + ^-2 + Ar)-i/252(l + + N)-^/^\\ < t-^e-\ (4.21) 

which together with (|4.20p implies (|4.19p . Together with Equations and (|4.18p and the fact 
that \\r]~'^f{H)\\ < 1, this implies 

+ C7(er(-i)+''-i||V.o||^+t-2+'^(°)+''6-1^o||g + t-'+'^-'llV'o|||.)- (4.22) 

Thus, choosing s such that 2s — p > 0, ()4.22p . together with the observation > t^XBtKct-, 

the conditions ^ — 1— /9>0, /0<1<2 — i^(0), the trivial inequalities HV'ollo ^ ll^o|ldr((y))' 
llV'ollla £ ll'^o|ldr((j;))2' and Hardy's inequality HV'oll^i < ll^o|ldr((y» implies that 

t 



< {-B,XB.<o)^o + C{e-' + etf+-^-^) + l)||Voll^r((,»- 
Using {-B^XB,<o)i,o ^ IIV'o|ldr((y»' choosing e = t''', we find 

which in turn gives ()4.2p . □ 
Proof of Theorem \4-l\ Since N := dr(l) and B^ := dr(6(;), commute we have 

r(Xbe<c't") < XS^KdNf^ = XBe<c'Nt°'{XN<c"t'y + XN>c"t^) 

< XB,<cf^ + XN>c"ti, (4.23) 
where := a + 7 and c := c'c". We choose c" <^ 1/c', so that < c ^ 1. Next, we have 

llXNyc'T'il'tW < {c"y^t~2 llxNyd't^N^TptW 
< {c")-^t~2 \\N^t\\, 
which, together with (|1.14p (with p = 0), implies 

llXNyd't-rM 2+— llV^ollo. (4.24) 

The inequality (j4.23p with 1^ = 1, Proposition 14.21 and the inequality (|4.24p (with 7 = 1 — q) imply 
the estimate (liH) . □ 
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5. Proof of Theorem 11.31 

5.1. Partition of unity. We begin with a construction of a partition of unity which separates 
photons close to the particle system from those departing it. Following |141ll7j (cf. the many-body 
scattering construction), it is defined by first constructing a partition of unity {jo,joo), jo^Joo = 
on the one-photon space, f) = L^(R^), with Jq localizing a photon to a region near the particle system 
(the origin) and joo near infinity, and then associating with it the map j : — )■ f) ® f), given by 
j ■ h ^ joh(Bjooh. After that we lift the map j to the Fock space T := T{\j) by using r(j) : r(f)) — >■ 
r([) © t)) (defined in p.lSp ). Next, we consider the adjoint map j* : /iq © /loo — > j'o^o +^^3^00, 
which we also lift to the Fock space := r({)) by using r(j*) : r(f) © fj) — r(f)). By definition, the 
operator r(j) has the following properties 

r(jT = r(/), r(j)r(j) = r(Ji). (5.1) 

Since j*j = Jq + = 1, this implies the relation r(j)*r(j) = 1, which is what we mean by a 
partition of unity of the Fock space := r([}). 

We refine this construction further by defining the unitary map U : r(f) ©())—)■ r(f)) © r([}), 
through the relations 

Un = n0n, C/a*(/i) = [a*(/ii)©l + l©o*(/i2)]^7, (5.2) 
for any h = {hi, /12) G f) © f), and introducing the operators 

f (j) := UT{j) : r(f)) ^ r(f)) © r(f)). (5.3) 

We lift r(j), as well as T{j), from the Fock space T := T{t)) to the full state space V. := Hp^F, so 
that e.g. r(j) : H ^ H r(f)). Now, the partition of unity relation on H becomes = 1 

(in particular, T{j) is an isometry). 

Finally, we specify jo to be the operator Xb^<ct", with 6e defined in the introduction, and joo 
is defined by Jq + j'^ = 1 and is of the form Xb^>ct", where e := t~'^, and a and k satisfy 
1 - iJ./{6 3/Li) < a < 1 and 1 + z^(-l) - q < k < ^(5a - 3). 



5.2. Deift-Simon wave operators. We define the auxiliary space 'H := T-L^T, which will serve as 
our repository of asymptotic dynamics, which is governed by the hamiltonian H := H ®\ + \® Hf 
on H. With the partition of unity r(j), we associate the Deift-Simon wave operators, 

W±:=s-limW{t), where W{t) := e'^^r{j)e-'^\ (5.4) 

which map the original dynamics, e~*^*, into auxiliary one, e~*^* (to be further refined later). Our 
goal is to prove 

Theorem 5.1. Assume (ll.lOp with fi > 0, (jl.lip and (|1.20p . Then the Deift-Simon wave operators 
exist on Ranii^(_oo 2)(^) o'^^ satisfy 

T^+Pgs = Pgs, (5.5) 

and, for any smooth, bounded function f , 

W+f{H) = f{H)W+. (5.6) 

Proof. We want to show that the family W{t) := e*^*r(j)e~*^* form a strong Cauchy sequence as 
t 00. To this end, we define Xm ■= Xfxrn ■= X^yrn' where A^:=A^©1 + 1©A^, the 

number operator on ii, so that Xm + Xm = 1- First, we show that, for any ipQ G D{N2), 

sup\\XmW{t)tpo\\ <m-i\\iJo\\N- (5.7) 
t 
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Indeed, by the assumption (jl.20p . 

||iV5e*^*f (j)e-^^^Voll < ||iV^fO-)e-*^>o|| + ||f (i)e-*^>o||. (5.8) 

The boundedness of r(j) imphes ||r(j)e~*^*'i/'o|| < IIV'oll < IIV'oIItv- Moreover, we claim that 

t{j)N = Nr{j), (5.9) 

Indeed, a straightforward computation gives T{j)dT(c) = dr(c)r(j) + dT{j,jc — cj), where c = 
diag(c, c): f}®f)->f)®f) and 

n 

dr(a, c)|(g,n^ = g (8) • - (gi g (8)c (gi g (gi • - (gi g . (5.10) 
It follows from this relation and the equalities UdT{c) = (dr(c) 1 + 1® dT{c))U that f fHl fTT]) 

f(j)dr(c) = (dr(c)®i + i®dr(c))f(j) + df(j,jc-c7-), (s.ii) 

where and dr(g, c) := UdT{a,c). For c = 1, the latter relation gives (j5.9p . Equation (15. 9p implies 
iV2r(j) = r(j)A^2, and this relation, boundedness of r(j) and the assumption (ll.20p give 

IliV^f (i)e-*^>o|| = ||f (j)iV^e-^^>o|| < llV'olk, 

and therefore, by ([SSD, ||iV2 e*-^*f (j)e-*-f^>o|| < ll^/'ollAf. Since this is true uniformly in t, s, it 
implies ||iV2 p^(t)'0Q|| < HV'oIItVi which yields (|5.7p . Equation (j5.7p implies that 

sup\\xm{W{t')-W{t))i;o\\<m-l (5.12) 
t,t' 

Now we show that, for any m > and for any ipQ G D{N^) n Ran 2)(-f^)) 

||Xm(W^(0-^(i))V'o|| ^0, (5.13) 

as t,t' —7- oo. This together with ()5.12p implies that W{t) form a strong Cauchy sequence. Lemma 
15. 2^ proven below, implies that, in order to show (I5.13p . it suffices to prove 

\\Xmf{H){W{t') - W{t))i,o\\ ^ 0, (5.14) 
to which we now proceed. We write 

{W{t') - Ty(t))^o = r dsdsW{s)4^o (5.15) 



and compute dtW{t) = e^"^Ge-'"\ where G := i{Ht{j)-t{j)H) + dtt{j). We write G = Gq + Gi, 
where 

Go := i(i?/f (j) - t{j)Hf) + dtt{j) 

and 

Gi := i{I{g) ® l)f (j) - t{j)I{g). (5.16) 

We consider Gq. Using (Hp ® 1 ® 1)(1 ® f (j)) = (1 ® t{j)){Hp ® 1) and using the notation 
c|j := i{ujj — joj) + dtj, with u = diag(u;,cj), and (I5.1ip . we compute readily 

Go = UdT{l,dj)=dt{i,dj). (5.17) 

Write / = (jo'iio)) where JqiJ'^ are the derivatives of jo,joo as functions of v = We first find 
a convenient decomposition of dj. Using djf = {djof,djoof), with dct = i[u},ct] + dtCt, (|3.7p and 
Corollarv lB.3l we compute 

^■ = Oo>^-:»)(^-^) + 0(*-^"^^)- (5-18) 
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We insert the maximal velocity partition of unity X(M)2<i + X^M^2yi = 1; with c > 1, into this 
formula and use the notation x = X(M)2<i ^^'^ the relation ^j'^ = 0{l)j'^, valid due to the 
localization of j'^, to obtain 

dj = ^O'J'xU'oJDxe'J' + remt, (5.19) 

remt = O{t-^)x{fo, j'^)x + 0(1-^^-'^) + 0(t-°)X(M)2>r (5-20) 

These relations give 

Go = G'q + Remt, (5.21) 

where G'q := ^C/dr(j,C(), with = (co,Coo) := {Oy^xfoXOy^ ,Oy'^xfooXSy'^), and 

Remt ■= Go - G'q = ?7dr(j, rem^). 

Next, we write A := supn^^y^ J // ds{(j)s,Goips)\, where ci>s := e'"'^'' f{H)xm^o- By ()C.ip of 
Appendix ICl G'q satisfies 

|(<^,G'o^)| < ^(||dr(|co|)l m ||dr(|co|)5^|| 



+ 111 » dr(|coo|)2(/<|| ||dr(|coo|)5V||). (5.22) 

By the Cauchy-Schwarz inequality, (j5.22p implies 

* ds\{^s,G'Q^s)\ < ( f ds\\dT{\cQ\)'2®Usfy{ f rfs||dr(|co|)5V^."2^' 

+ 



t' . I , rt' 

2\ 2 



(y^ ds\\i0dr{\coo\)Hsfy[j^ ds\\dr{\coo\)hsfy 

Since |co|, |coo| are of the form 0\^'^xXb^=ct'^x(^l^'^ ■, the minimal velocity estimate (j3.4p implies 

dss-"||dr#(|c|)^,f < llxm^ollo < m\\M\ 
where dr#(|c|)5 stands for dr(|co|)5 (g) 1 or 1 (g) dr(|coo|)^, and 

) 

d.s-"||dr#(|c|)5^,f< iiv^ol 



|2 
lO' 



with dr#(|c|)2 = dr(|co|)5 or dr(| 

Coo I ) ^ • The last three relations give 

sup \[ (is(4, 00^^3)1 ^ 0, t,t'-^oo. (5.23) 
ll<^o||=l ■'i 

Likewise, applying (1C.2P of Appendix ICl first with ci = C2 = 1, next with ci = 1 and C2 = 
X(M)2>i' and then applying (IC.ip with cq = XJoX and Cqo = XJooX-, we see that Rem^ satisfies 

K0,Remi^)| < ||ivM||(t-2-+«||ArlV;|| +ri||dr(xjU)^V'll +i-1|dr(x^M)2>i)^^ll)- (5-24) 
Now, using (j5.24p and the Cauchy-Schwarz inequality, we obtain 

ds((^„Rem,V's)| < [f^ dss--\\m^sfY[[f^ s-2(2"-)+-||Ar^^,||2) ^ 
+ ( f dss-^+^dT{xj'^x)'^^sff + ( f d..-2"+-||dr(x^M)2>i)^V'sf )'}. (5.25) 
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Let r > 1 and a = 2 — r. Then by the estimate ()3.3p . 

oo 

provided a < 4, and by the maximal velocity estimate (ll.9p . 

d5 5-2"+-||dr(x^Mp>i)^^^ll' ^ IIV'olldrK,}), 

provided that q > 1 — 27/3, where, recall, 7 < ^min(^^, 2^)- Oii^ verifies that c > 1 can be 
chosen such that the two conditions above are satisfied. Moreover, by Assumption ()1.20p . 

dss-''^'"-^^+-\\Nhsf <m\N, 

provided that 5a > 3 + 2k. This and the fact that, by Assumption ()1.20p . the first integral on the 
r.h.s. of (I5.25P converge yield 

sup I / ds{(l)s,Reioas'ips)\ ^ 0, t,t' ^ 00. (5.26) 
||<^o||=l 

Equations (|5.23p and (|5.26p imply 

ft' 

^ = II dsXmf{H)e''''Go^f^s\\ ^ 0, t,t' ^ 00. (5.27) 

Now we turn to Gi. We use the definition r(j) := Ur{j) to obtain T{j)d^{h) = Ud^{jh)T{j), 
then (|5.2p . and then JqJo + j^Joo = 1, to derive 

nj)a*{h) = {a*{joh) 1 + 10 a*{j^h))t{j), (5.28) 

where a* stands for a or a*, which implies 

f (j)/(5) = (lihg) 01 + 10 /(joo5))f (j). (5.29) 

The equation (|5.29p gives 

Gi = (/((I - jo)g) 1-10 /(joo5))f (j). (5.30) 

Due to [U Lemma 3.1] (see Appendix iBj Lemma fB.Gp . we have HjooSUl^ ^ 11(1 ~ Jo)5'||l2 ^ t '^ 
with A < (/i + |)a. This, (f2TT]l (with 5 = 0), and N^t{j) = t{j)N^ imply that 

||/(^)Gi(Ar + i)-|||<r(^+i)". (5.31) 

This together with Assumption ()1.20p implies that ||/(i7)GiV't|| ^ ^^'■^^^■'"llV'ollo) and hence 



^ (is/(i7)e^^"GiV's|| ^ 0, t,t'^oo. 



provided that a > {fx + |)~^. This together with (15.27P gives (I5.14p . and therefore (j5.13p . which, 
as was mentioned above, together with (j5.12p shows that W{t) is a Cauchy sequence as t — )• 00. 
This implies the existence of 

Finally, the proofs of (15. 5j) and (15. 6p are standard. We present the second one. By (15. 4p . we have 
W±e'^' = s-lime*-^*f (j)e-^^(*+^) = s-lim e*^(*'-'*)f (i)e-*^*' = e*^W+, which implies □ 



Now we establish the following lemma used in the proof of Theorem 15.1 
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Lemma 5.2. Under the conditions of Theorem \5.1[ for any f E CJ^(A), A C (£'gs,S), and 

\\{N + l)-5(f(j)/(F) - f{H)t{j))M < t-'IIV'ollo. (5.32) 
Proof. We compute, using the Helffer-Sjostrand formula, T{j)f{H)'ipt — f{H)r{j)ipt = R, where 
R-=^j dJ{z){H - z)-^{Ht{j) -t{j)H){H - z)-^i;tdRezdlmz. (5.33) 

We have Hr{j) - r{j)H = Gq - id, where Go := Udr{j,uyj - joj) and d := (/(g) (g) l)t{j) - 
T{j)I{g) was defined in (|5.16p . 

We consider Gq. As in the proof of Theorem 15. H we have ujj — ju = ([a;,jo], [w, joo]), and, by 
Corollary iRSl 

[^,i#] = ^j# + r-, (5.34) 

where j# stands for jo or joo, is the derivative of j# as a function of and r satisfies 
Ikll ^ Since 9^ < I and since k < a, we deduce that [uj,j#\ = ©(t""). By (1(12]) of 

Appendix [Cl we then obtain that 

||(iV + l)-^Go(iV + l)-||| <t-". 

Since if e C^{N), we have \\{N + 1)^{H - z)-^{N + < |Imz|~^ and likewise \\{N + 1)-^H- 

z)-^(iV + 1)5|| < |Imz|-2. Moreover, by Assumption (fL20|) . || (iV + l)5e-*^*(iV + 1)^5 1| < 1, and 
II (iV + l)~2e*^*(iV + 1)2 II < 1. The previous estimates imply 

||(7V + irh'^\H - z)-'Go{H - z)-'M < r^lImzr^llV'olU. (5.35) 

As in (j5.30p - (|5.3ip . we have in addition 

\\{N + 1)-'2GiEa{H)\\ <t-(^'+l^", 

and hence 

||(7V + l)-h'^\H - z)-^Gi{H - z)~Vt|| < t~(^+^)°|Imzr3||V^o||. (5.36) 

From (|5.33p . (|5.35p . (j5.36p and the properties of the almost analytic extension /, we conclude 
that (f02|) holds. □ 



5.3. Scattering map. We define the space T-i^m '■= T~ip ® J-fin ® Jiiin where = -^fin(f)) is the 
subspace of F consisting of vectors ^ = {ipn)^=o ^ ^ such that ipn = 0, for all but finitely many 
n, and the (scattering) map / : ^fin — ^ as the extension by linearity of the map (see [301 HUE]) 

n n 

I ■.<^^Yla*{hi)n^Yla*{hi)^, (5.37) 

1 1 

for any $ G Tip J^gn and for any /ii, . . . /i„ G f). (Another useful representation of / is / : <I> / — ?■ 

^ ^ ^ ^ ^ $ (g)s /, for any ^ £ Tip 1^ ((»§()) and / G 0%). As already clear from (|5.37p . the 
operator / is unbounded. Let 

i)0 := {h G L'^(R^), J dk{l + u;~^)\h{k)\'^ < 00}. (5.38) 

Properties of the operator / used below are recorded in the following 
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Lemma 5.3 (|14 1 117 1 124j). For any operator j : h ^ joh(B jooh md n G N, the following relations 
hold 

=ir{fo)(E)Tij*^), (5.39) 

D((/7 + «)""/^)®(Cf)o) CZ?(/). (5.40) 

Proof. Since the operators involved act only on the photonic degrees of freedom, we ignore the 
particle one. For g,h £ i), we define embeddings i^g := (5, 0) G f) ® f} and ioo^i := (0, /i) G f) ® f). By 
the definition of U (see (fO]l ). we have the relations U*a*{g) 1 = a*{iog)U*, and U*l(g) a*{h) = 
a* {i^h)U* . Hence, using in addition U*Vt (8) = ri, we obtain 

m n m n 

U*l[a*{g^)n0'[[ a* {hi)n = J] «* (^o9^) H i^Mfl. 
11 11 
By the definition of T{j) and the relations j*iog = jog and j*iooh = j^h, this gives 

m n n m 

T{jYU*\{a*{g,)n(^^a\K)n = ^a*{jl,g,)^a*{jlh,)il. (5.41) 
11 11 

Now, by the definition of T{j) (see ()5.2p ). we have T{j)* = V{j)*U* . On the other hand by (|5.37p . 
ther.h.s. is IT{jl) (^T{j*^)\Y^ a* {g-i)^ a* {hi)^. This proves (fOOl) . 

To prove ()5.40p . we use the following elementary properties ([171 124j): 

The operator H^iH + iy is bounded Vn G N, (5.42) 
and, for any /ii, • • • /i„ G \]o, where f}o is defined in (j5.38p . 

\\a*{hi) ■ ■ ■ a*{hn){Hf + l)-"/2|| < Cn\\hi\U ■ ■ ■ \\hn\U (5.43) 
where := / dk{l + a;^^)|/i(/c)p. The previous two estimates and the representation (|5.37p 

imply that for any $ G D{{H + i)""'/^) and /ii,--- G f)o, we have ||/$ Hi «*(^j)^ll ^ 
C„||/ii|U---||/in|UII(^ + i)"/^^'|| <oo. This gives the second statement of the lemma. □ 



5.4. Asymptotic completeness. Recall that Pgs denotes the orthogonal projection onto the 
ground state subspace of H. Below, the symbol C(e')oi(l) stands for a positive function of e 
and t such that ||C(e)of(l)|| — )• as t — )• 00 and we denote by xo(A) a smoothed out characteristic 
function of a set Vt. In this section we prove the following result. 

Theorem 5.4. Assume the conditions of Theorem. \1.3\ and let a <T,, A = [Egg, a] C M. Then, for 
every e' > there is (poe', s.t. 

limsup - /(e-*^-*Pgs ® e-'''f\[o,a-E,.]iHf))4>Oe'\\ = 0{e'), (5.44) 

t—>oo 

which implies (jl.7p . 

Proof. Let a, /3, k be fixed such that the conditions of Theorems 13. H BT] and [5T] hold, with a = /3. 
Let (jo, Joo) := iXbt<ct"i Xb^>ct'^) be the partition of unity defined in Subsection 15. li Since Jq = 
1, the operator T{j) is, as mentioned above, an isometry. Using the relation r(j)*r(j) = 1, the 
boundedness of r(j)*, and the existence of we obtain 

V't = f (jT e-^^*e*^*f (j)e-*^Vo = f (j)*e-^^Vo + ot(l), (5.45) 

where p^ := W+ipQ. Next, using the property Wj^xa{H) = xa{H)Wj^, which gives Wj^i^q = 
Xa{H)W+iPq, and xa{H) = {X[E^,,a\{H) X[i),a~E^,]{H f))xA{H), and again using xa(-H')VF+V'o = 
Wj^ipo = (/>o, we obtain 

</'0 = {X[E^,,a]{H) ® X[0,a-E^,]{Hf))(Po- (5.46) 
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For all e' > 0, there is 5' = S'{e') > 0, such that 

ll(X[B,„a](^) » l)'Ao - (xaAH) ® l)</'o - {Pgs ^ < e', (5.47) 

with A^i = [Egs + S',a]. The last two relations give 

c^-o = ((XA,, (H) + Pgs) ® X[o,a-£,.] (^^/))'Ao + (5.48) 

Now, let 0o,e' G J-fin(^(dr((y)))) (g) Jiin(f)o) be such that ||0o — ^Oe'll ^ ^' ■ (We require that 
the 'first components' of 0oe' are in D{dT{{y))) in order to apply the minimal velocity estimate 
below, and that the 'second components' are in Jiin(f}o) in order that (Pgs l)</'Oe' is in 
This together with (|5.45p and (|5.48p gives 

i^t = f (jTe-''^*((XA,, (H) + Pgs) X[o,a-E,AHf))4>o,> + 0{e') + 0^(1). (5.49) 

Furthermore, let (jo,joo) be of the form jo = Xbt<cf^-, joo = Xb^ycf^ where X) has the same 
properties as and satisfy jojo = JO) joojoo = Joo. Then, by (j5.39p . the adjoint T{j)* to the 
operator r(j) can be represented as 

f (jT = f (jT(r(io) ^ rOoo)). (5.50) 

Using this equation in ()5.49p . together with the relations e~*^* = e~*^* (S" e~*^-f* and e~*^*Pgs = 
e~*^ss«Pgg^ gives 

V't = f (j)>t.' + vl + 5 + C + O(e') + ot(l), (5.51) 

where 

^te' ■= (e-*^^=*Pgs e-*^/*X[o,a-i?,J {Hf))cl)Oe' , (5.52) 



r(i)*(r(jo)e-*^*XA,,(^) ® r(joo)e-*^/*X[o,a-i?,.](^/))</'o.', (5.53) 

i3 := f (jT ((r(jo) - l)e-^^-*Pgs r(joo)e-*^/*X[o,a-i?,.](i^/))<^o.', (5.54) 

C := f (jT (e-^^-*Pgs » (r(joo) - l)e-^^^V[o,a-i?,.](^/))0Oe', (5.55) 

Since T{j)* is bounded, the minimal velocity estimate, (14. ip . gives (here we use that the first 
components of 0oe' are in D{dT{{y)))) 

\\A\\ < ||(r(io)e-*^*XA,,(F) ® l)0oe'|| = C(e')ot(l). 

Now we consider the term given by B. We begin with 

ll^ll < ||(r(io)-l)Pg.||. (5.56) 

Since < jo < 1, we have that < 1 — r(jo) < 1. Using this, the relations 1 — r(jo) < dT{xb^>ct'^) 
and dr(xfej>ct") < t~^'^dr(6^), we obtain the bound 

||(r(jo) - l)nf < 11(1 - r(jo))5uf < ||dr(|b,>,i.)inf 

<r2"||dr(62)5u||2. (5.57) 

Using the pull-through formula, one verifies that dT{b'^)^ Pg^ is bounded and that ||dr(5^) 2 Pgs|| = 
0{t'^) (see Appendix \C[ Lemma rC.4p . Hence, since k < a, the above estimates yield 

\\B\\ = ot{l). (5.58) 

Next, using r(joo)e-*^/* = e-*^/*r(e*"*jooe-*'^*) and 6*^*6,6"''^* = b, + 6,t, it is not difficult to 
verify (see Appendix [Cl Lemma fC.Sp that 

||C|| < 111 (r(e^"*jooe-'"*) - l)0o.'|| ^ 0, 
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as t — )• cxD, and hence we obtain 

\\C\\ = C{e')ot{l). (5.59) 

Inserting the previous estimates into (15.5ip shows that 

V't = rUTi^te' + 0{e') + C{e')ot{l). (5.60) 

Next, we want to pass from T{j)* to / using the formula (|5.39|) . To this end we use estimates 
of the type (I5.58P and (I5.59P in order to remove the term r(jo) T{joo)- Hence, we need to 
bound I, for instance by introducing a cutoff in A^. Let Xm '■= XN<m and Xm := 1 — Xm and 
write f(j)*V'te' = Xmf(i)*Vte' +Xmf(j)*V'te'. Usiug that iVV2f(j)* ="f(i)*7VV2, that V'i.' G 
D(N^/'^) (see Appendix [Cl Lemma IC.4p . we estimate 

llXmf (j)>i.'|| < m-^WN^/^Ml = m-5C(e'). 

Now, we can use (15.39P to obtain 

V-t = Xml{r{jo) ^ r(joo))V'te' + O(e') + C{e')ot{l) + C{e'Ml). (5.61) 

Using llxm-^ll < 2™/^ together with estimates of the type (]5.58p and (I5.59p . we find (here we need 
the cutoff Xm) 

i't = XrJAe' + 0{e') + C(e', m)ot(l) + C(e')o„(l). (5.62) 

Since 0oe' ^T-i® -7iin(f)o)) we can write ■i/'te' as i/'f^/ = $gs ® fte', with ft^i G J'^Rni^o), and therefore 
ipte' £ -C)(-^) (here we need that f^' is in J-fin(flo))- Hence Xmli^te' = I'^te' + C'(e')om(l). Combining 
this with (j5.62p and remembering (|5.52p . we obtain 

= /(e-^^-*Pgs ® e-*^/*X[o,a-i=;,j(^/))0Oe' + O(e') + C{e\m)ot{l) + C{e')om{l). (5.63) 
Letting t — )• oo, next m — )• oo, the equation (I5.44p follows. □ 

Remark. The reason for e' in the statement of the theorem is we do not know whether Ran(Pgs ® 
l)VF+Vo G Indeed, if the latter were true, then the relations (|5.63p . (I5.48P and ||</'o— </'0e' II ^ ^' i 

where (/>o := VF+V'O) would give 

= /(e-^^-*Pg3 ® e-*^/*X[o,a-i?,.](^/))0o + O(e') + C{e\m)ot{l) + C(e')o^(l), (5.64) 

which, after letting t — )• oo, next m — )• oo and then e' — )■ 0, gives 

hm Ut - /(e-^^-*Pgs ® e-^^f\o,a-E,.]{Hf))W+i,4 = 0- (5.65) 



6. Proof of minimal velocity estimates 

In this section we use Theorems 13.11 and 14. 1 1 to prove the minimal velocity estimates of Theorems 
rHandO 



Proof of Theorem \l.l\ To prove (jl.lTp . we use several iterations of Proposition 12.41 We consider 
the one-parameter family of one-photon operators 

with w := a > 1, and i'{5) > 0, the same as in (|1.14|) . We use the expansion ()3.6p . We 

compute 

= - (6-1) 
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where, recall, b := ^(Vw • y + li.c). We use the notation X/3 = Xw>i- We write 6 = 6^ + e^(^Vw • 
y + h.c), where, recall, := uj + e, e := t""^. We choose k > satisfying 

4/3-3 > K > 2-2/3 + -1/(0). (6.2) 

Using the notation v := ^ and the partition of unity Xv>i + Xv<i = 1, we find > ct^ + {b^ — 
ct^)Xv<i- Commutator estimates of the type considered in Appendix [B] (see Lemma [B.sp give 
Xi;<-i(x'/3)^/^ = C'(t-^+'') for c > c/2, which, together with 6e(x^)^/^ = ©(t/^), yields 

The last two estimates, together with < 1 on suppx't,^;^, give d(t)t ^ Pt — Pt + rem, where 



2 / c /3 



2(c + c) ,_/n1/2 /~/\1/2 



and rem = X^j^^ rem^, with remi given by (j3.6|) with X/3 replaced by X/3) 

rems = C)(t-2/3+K-ai/(o)-)^ g^j^^j rem^ := -ai/(0)t"^(^t. If /3 = 1, then we choose c > (c')^ so that 
Pt>0- 

As in the proof of Theorem 13.11 we deduce that the remainders remj, i = 1,2,3,4, satisfy the 
estimates (j3.13p . i = 1, 2, 3, 4, with pi = P2 = —1, Ps = Pa = 0, Ai = 2/3+ai/(0), A2 = 2/3+fi;+oi/(0), 
A3 = 2/3 — K + ai/(0) and A4 = 1 + ah'{0). In particular, the estimate for i = 1 follows from Lemma 
IB.4I Since 2/3 > 1 + i/(— 1) — ai/{0) and 2/3 — k > 1, the remainder rem = X]j=i gives an 
integrable term. (Note rem2 = 0, if i/(0) = 0.) 

Now, we estimate the contribution of pt- Let 7 = 2/3 — 1 < /3 and decompose pt = pti + Pt2, 
where 

_ const , 1/2 .1/2 

fl3+au{0) ^^13) Xcit-t<b,<ctf<{Xi3) > 

const ;^/2 , .1/2 

^/3+az.(0) (^/3^ X6.<cin(X/3j , 

with ci < 1, if 7 = 1, and ci < /3(c')2 if 7 < 1, and const = First, we estimate the 

contribution of pti- Since [{x'13)^^'^ ^ iXcit^Kb^Kct'^y^'^] = 0{t~/^~^'^) (see Lemma [B. II of Appendix IB]) 
and since 2/3 — k > 1, it suffices to estimate the contribution of ^^^XcitKb^Kcti^ ■ To this end, we 
use the propagation observable 

<Pti:=t-'"'^'^h^X^, (6.3) 

where hj^ = h{-^), h{X) := dsxs<i, and x-y = XJ^>i- As in ()3.9p . we have 

1 , const 1 , , „ , const 

—hpdAx^ < -T^, ^hf^^Axy > -^T+^- (6-4) 

Using this together with (j3.7p . we compute 



< 



, , 0, 76, 



i=l 



where rem'^ is a sum of two terms of the form of remi given in (j3.6p . with Xi3 replaced by /1/3, in 
one, and by x-yy in the other, rem'g := C)(t-i-7+f«-'^''(o))^ and rem'g := —au{0)t~^(j)ti- We estimate 
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— > 1 - -rw - 7T^ Oil supp/io and 9^ - ^ < I - - on suppxl,- Using h'g < 0, 



3, V < 1 - ^ and ^ = on suppx'-,, this giv 

#ti < -p'n +Pti + rem', 



with rem' := E^i^em'^, rem'4 := a;-i/20(t-/3-«-«^(o))^;-i/2^ and 

By ()3.3p . the term pfi gives an integrable contribution. We deduce as above that the remainders 
rem'., i = 1,2,3,4, satisfy the estimates (|3.13p . i = 1,2,3,4, with pi = P2 = = 0, /04 = —1, 
Ai = 27 — K + ai^(O), A2 = 1 + 7 — K + ai^(O), A3 = 1 + az^(O), and A4 = /3 + k + ai^(O). Since 
27 — K > 1, 7 > K, and /3 + K > 1 + 1) — ai^(O), the remainder rem' = X^jrem^ is integrable. 
Finally, ()2.4p with A' < az^(O) + (| + /u)7 holds by Lemma fB.GI of Appendix|Bl Hence, (/>ti is a strong 
one-photon propagation observable and therefore we have the estimate 

l-OO 

dt\mpnfi^u^< / dt\mp[,f/^u^ <mti. (6.5) 



(In fact, by multiplying the observable (j6.3p by for an appropriate > 0, we can obtain a stronger 
estimate.) 

Now, we consider pt2- Let fp = /{w), where /(A) := X\>1 and, recall, w = (J^)^, and 
/i^ = h{v.y), with /i(A) := dsxs<i and := We use the propagation observable 



</'*2 :=t-"'^(°nM7 + V/?)- (6-6) 

Using ([32]), (HH), 6 = 6, + e^(;:j;:Vw • y + h.c), 6, < cit^ on suppxi,^<i, 7 = 2/3 - 1 and 

[(Z^)^''^, h'y] = 0{t~'^~^'') (see Lemma [B7T] of Appendix [B]) , we compute 



^t2 <t-'^^(°H(73W - P)-Mf'^h,{fpf" + //3/^;(rf^7) + (^^7)^'7//3) + 



1=1 



where dv-y = — ^^j^+i , rem'/ is a term of the form of remi given in ()3.6p . with replaced 
by fp, likewise, remg is a term of the form of remi given in (|3.6p . with Xi3 replaced by h^, 
and rem'3' = 0{t-^-'^+'^-'"'^^y) and rem^' := -ai/(0)t- Vi2- To estimate dv^ = - 
we use that > 0, /il^ < 0, = 1 — f^uj"^, v^h'^ < h'^, and ffsh'^{dv-y) + {dv^)h'^fp = 
-/y^(-/i;)i/2(d?;^)(_/i' )i/2jy2 ^ 0(i-7+«) (see again LemmaEHof Appendix El) , to obtain 



< -Pt2 + rem , 



with rem" := XlLi rem'/, rem'5' = C)(t-27+'=-a'^(0))^ rem'g' = tj-V20(i-7"«-a!^(o))^-i/2 j^j^^j (^^^ ^gj^g^ 
for t sufficiently large) 



Since ^^p- < /? and either 7 < 1 or 7 = 1 and ci < 1, and > and /il^ < 0, both terms in the 
square braces on the r.h.s. are non-positive. We deduce as above that the remainders rem", i = 
1, . . . , 6, satisfy the estimates (I3.13p . i = 1, . . . , 6, with pi = p& = —1, P2 = Ps = P4 = P5 = 0, 
Ai = 2(3 + au{0), A2 = A5 = 2j-K+au{6), A3 = l+j-K + au{0), A4 = l + au{0), Ae = j+K + au{0). 
Since 2/3>7 + k>1 + z^(— 1) — az^(O), 27 — «; > 1 and 7 > k, the condition (12. 3p is satisfied. 
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Moreover, ()2.4p with A' < aiy{0) + (| + /u)/? holds by P Lemma 3.1]. Therefore 4>t2 is a strong 
one-photon propagation observable and we have the estimate 

;>oo 

dt\\dTipt,)'/'ijtf < / dt||dr(^)V2V;,||2 < ||V,o||2 (6.7) 
'1 Jl 

(In fact, by multiplying the observable (j6.6p by for an appropriate (5 > 0, we can obtain a stronger 
estimate.) 

Since pt = pn + Pt2, estimates (|6.5p and (j6.7p imply the estimate 



dt\\dT{pt)'/'i;tf < Uo\\-i, (6.8) 
which due to x'/j ^ Xv=i, implies the estimate (|1.17p . □ 

Proof of Theorem \1.2l To prove (jl.l9p . we begin with the following estimate, proven in the local- 
ization lemma [B. 51 of Appendix [Bl 

XK>c't^X\y\<ct^ = 0{t-(»-^^), (6.9) 
for e = t~'^, K < a, and c < c'/2. Now, let Xh^<c't'^ + Xfee>c'i" ~ ^^'^ write 

X^ylKcf- = Xb,<c't"X\y\<ct'-XK<c't-' +R< Xt<c't" + (6-10) 

where R := Xb,<cH'^xfy\<ct<^Xb,>cH'^+Xb,>c't'^xfy\<cto'Xb,<cH'^+Xb,>cH''Xfy\<ct^^^ The estimates 
IK9\\ and (i6T0]l give 

xl\<^^<xl<c't^+0{t-^'^-% (6.11) 

which in turn implies 

l|r(X|,|<et")'/Vll < l|r(X6.<c't'^)'/Vll + Ct-(°-'')/2||(iV + 1)V2V;||. (6.12) 

This, together with (gj]), yields (fLTOD . □ 

Appendix A. Photon # and low momentum estimate 

Recall the notation (A)^ := {ip, Ail^). The idea of the proof of the following estimate follows |24j 
and 0. 

Proposition A.l. Assume (fTTO]) OTi/i fi > -1/2. Lei Vo G -D(dr(w^)i/2). T/ien /or any p G 
[-1,1]. 

(dr(c.O)^. < f^^'^mil + {driconUo, Hp) = (A.i) 

Proof. Decompose dT{ujP) = Ki + K2, where 

Ki := (lT{ujPxt'^u<i) and := dr(a;''xt-(^>i)- 

Then, by (fTTK]) . 

(i^2)v. < (dr(t"(^-'')..xt«.>i))^, < t"('-^)(^/>v,. < ^"('-''^IIVoll?^ (A.2) 

On the other hand, we have by ()2.10p . 

DK^ = dr(aa;^-''t"-ix;«^<i) - /(^w''xt"<.<i5)- (A.3) 
Since \\g{k)\\-H^ < \k\^'^{k) (see (fTTO]) ). we obtain 

^'''xt-.<i||5(A;)||L(^-^ + l)d=^A; < t-2(i+M+P)«. (A.4) 
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This together with (j2.1ip and (jl.lSp gives 

m^uJpXt'^^<l9)h^ < t-(^+^+^)"||^o||l,. (A.5) 
Hence, by ()A.3p . since dt{Ki)^^ = {DKi)^^, x't^uKi ^ 0, we obtain 

and therefore 

{KiU, < Cf^'miH + (dr(^-'')>^o> (A.6) 

where z/' = 1 — (1 + ^ + p)a, if (1 + ^ + p)a < 1 and z^' = 0, if (1 + ^ + p)a > 1. Estimates (IA.6P 
and (IX2]l with a = if p < 1, give flATT]) . The case /5 = 1 follows from (ll.lSp . □ 

Corollary A. 2. Assume (fTTU]) with fi > -1/2, let Vo G D{dr{uj-Py^'^), and denote Kp : = 
dr(a;^^). Then for any 7 > and any c > 0, 

\\XK,>criM<t~'^^^A\M\H + i~'^{Kp)^,. (A.7) 

Proof. We have 

\\XKp>ct-^i^t\\ <c~2t~2 \\xKp>cr/K^Tpt\\ < c^^ri \\K^tl^t\\ 
Now applying (jA.ip we arrive at ()A.7p . □ 
Remark. A minor modification of the proof above give the following bound for p < and 



(dr(.;0)^, < f^^^P^ {m% + WMh) + (dr(a;0)^o- (A-S) 



Appendix B. Commutator estimates 

In this appendix, we estimate some localization terms and commutators appearing in Section [3l 
Recall that := ^{OeVco - y + h.c), where = := w + e, e = t~'^, with k>0. The following 

lemma is a straightforward consequence of the Helffer-Sjostrand formula. We do not detail the 
proof. 

Lemma B.l. Let h,h be smooth function satisfying the estimates \dgh{s)\ < C„(s)~" for n > 
and likewise for h. Let Wa = \y\/{cit"'), vp = be/{c2t^), with < a, /3 < 1. The following estimates 
hold 

[h{Wa),U:] = 0{t-"), [hivp),Oj] = Oit-^), [h{Wa)A] = 

[h{Wa), h{vp)] = 0{t~^+^), bMWa), Hvf,)] = 0{t^). 

Now we prove the following abstract result. 

Lemma B.2. Let h be a smooth function satisfying the estimates |9"/i(s)| < C„(s)~" for n > 0. 
Assume that the commutators [v,lo] and [v, [v,uj]] are bounded, and for some z in C \R, {v — z)~^ 
preserves D{oj). Then the operator r := [/i(f),6t;] — [v,oj\h'{v) is bounded as 

Ikll < IlkK'^]]!!- (B.l) 

Proof. We would like to use the Helffer-Sjostrand formula for h. Since h might not decay at 
infinity, we cannot directly express h{v) by this formula. Therefore, we approximate h{v) as follows. 
Consider if G C(f (M; [0, 1]) equal to 1 near and c/?_r(-) = (p{-/R) for i? > 0. Let h be an almost 
analytic extensions of h such that = h, 

supp/i C E C; |lmz| < C(Rez)}, (B.2) 
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\h{z)\ < C and, for all n G N, 

dzHz) < C„(Rez)^-^-"|Imz|". (B.3) 

Similarly let ^ G C^(C) be an almost analytic extension of (p satisfying these estimates. As a 
quadratic form on D{uj), we have 

[h{v),uj\ =s-\iva.[{^Rh){v),uj]. (B.4) 

Since {v — z)^^ preserves D{uj) for some z in the resolvent set of v (and hence for any such z, see 
[H Lemma 6.2.1]), we can compute, using the Helffer-Sjostrand representation for {ipjih){v), 

[{(piih){v),uj] =-^j dz{'fRh){z)[{v - zY^,uj] dRezdImz 

= / dz{'^Rh){z){v — z)^^[v^oj\{v — z)~^ (^Kezdlmz 

= [v,uj]{^Rh)'{v)+rR, (B.5) 
quadratic form on D(uj), where 

rii = j dz{ipRh){z)[{v - [v,uj]] {v - z)~'^ dRezdImz 

= '^j d2{^Rh){z){v - z)-^[v,[v,uj]]{v - z)-"^ dRez dim z. (B.6) 

Now, using (f — z)~^ = 0(1 Imz|~^), we obtain that 

\\{v-z)-'[v,[v,uj]]{v-zr^ <\lmz\-mv,[v,co]]\\. (B.7) 

Besides, for all n G N, 

mipRh){z)\ < Cn{Rezy-'-^\lmzr, (B.8) 

where C„ > is independent of i? > 1. Using ()B.6p together with ()B.7p . we see that there exists 
C > such that ||r/j|| < C||[?j, [?;,a;]]||, for all R>1. Finally, since (ipRhy^v) converges strongly to 
h'{v), the lemma follows from (jB.Sp and the previous estimate. □ 

We want apply the lemma above to the time- dependent self-adjoint operator v := 

Corollary B.3. Let h be a smooth function satisfying the estimates \d^h{s)\ < C„(s)^" for n > 
and let V := where c > 0, e = t~'^, with < k < f3 < 1. Then the operator r := dh{v) — {dv)h' (v) 
is hounded as 

\\r\\<t~\ \:=2(3-K. (B.9) 

Proof. Observe that 

dh{v) - {dv)h'{v) = [h{v),iuj] - [v,iuj]h'{v) + dth{v) - {dtv)h'{v). 

It is not difficult to verify that {v — z)~^ preserves D{uj) for any z G C \ M. Hence it follows from 
the computations 

[u, iuj] = t-^e„ [v, [v, ioj]] = t-'^^e.oj-^e, (B.IO) 
that we can apply Lemma |B.2[ The estimate 

[v, [v,u]] = Oiuj^H-^f^) = 0{t-^'^+^) (B.ll) 

then gives 

\\[hiv),ioj]-[v,iuj]h'iv)\\<t-'f'+\ 
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It remains to estimate \\dth{v) — {dtv)h' {v)\\. It is not difficult to verify that D(6e) is independent of 
t. Using the notations of the proof of Lemma [B . 2 1 and the fact that dth{v) = s-Hm/j_j>oo dt{ipRh){v), 
we compute 



dt{(pRh){v) = ^ j d2{ipRh){z)dt{v - z) ^dRezdlmz 



-— I dz{ipRh){z){v — z) ^{dtv){v — z) ""^ dRe 2; dim z 



vr 

{dtv)i^Rhyiv)+r'^, 



where 



= — — J dz{(pRh){z)[{v — z) ^,dtv]{v — z) ^dRezdlmz 
= ^ j d2{ifRh){z){v - zy^[v,dtv]{v - z)-^dRezdlmz. (B.12) 
Now using dtv = —-^prr + '^^t^e together with (13.8j) . we estimate 

From this, the properties of h, and k < /3, we deduce that \\r'pj\\ < ^-1-/3+" < uniformly 
in i? > 1. This concludes the proof of the corollary. □ 

The following lemma is taken from [9j. Its proof is similar to the proof of Lemma lB.21 

Lemma B.4. Let h he a smooth function satisfying the estimates \dgh{s)\ < C„(s)^" for n > 
and 0<5<1. Let w = y^/{ct'^f' with < a < 1. We have 



with 



\h(w)Au}] = h'(w)(-^ ■ Vuj + Vuj ■ + rem, 



|tj2 rema;2 II < t a(i+<5)^ 



Now we prove a localization lemma. 

Lemma B.5. Let k < a. We have, for c < c' /2, 

Xb.>c't"X|y|<ct- = Or^"-")). (B.13) 

Proof. Observe that by the definition of x (see Introduction) and the condition c < c'/2, we 
have X\y\>c't'-X\y\<ct'- = 0. Let c < c < c' /2 and let X\y\<ct be such that X\y\<ctX\y\<ct = X\y\<ct 
and X\y\>c'tX\y\<ct = 0- Define := X\y\<ct<^beX\y\<ct<^ ■ It follows from the expression of that 
\{u,beu)\ < ||u|||||y|tt||, and hence we deduce that \{u,beu)\ < ct"||ti|p. This gives Xb^yc'f^ — ^■ 
Using this, we write 

XfeE>c'i«X|j/|<rf" = {Xb^>c't" - Xb^>cif^)X\y\<ct'^- 

Let a := and a := Denote g{a) := Xb^>c't" and g{a) := Xb^>c't'='- We will use the 

construction and notations of the proof of Lemma IB. 21 Using the Helffer-Sjostrand formula for 

{ipRg){c), we write 

iVRa)ia) - {ipRg){a) = ^ j dz{^g)iz)[{a - z^^ - (a - z)~^] dRezdImz 

= -^J dzi^f Rg)iz){a - z)-'^ {a- a){a- z)-'^dRez dim z. (B.15) 
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Now we show that (a — a){a — z)~^x\y\<ct" = 0{t^^°'^^^\ lmz\~'^). We have 

a - a = (1 - X\y\<ct")^ + X|?;|<ct-^(1 - X\y\<ct-), 

and we observe that, by Lemma lB.lt 

[{l-X\y\<-ct'^),h] = 0{n. (B.16) 

Thus 

a - a = (1 + x|,|<a.)^(l - X\y\<cto') + 0{t-^^-^y), 
Moreover, we can write 

~ X\y\<ct"){^ - zy^XlylKct"' = [(1 " X|y|<ci")) (« " ^)""^] X|j/|<rf" 

= - Z)~^ [(1 - X|j/|<Et-), ^] (« - 2:)"V|3/|<ci" 

= ©(^("-'^^llmzr^), 

where we used ()B.16p to obtain the last estimate. This imphes the statement of the lemma. □ 

Remark. The estimate ()B.13P can be improved to X6f>c't"X|y|<ct" = 0{t~^^'^~'^^), for any m > 0, 
if we replace := Ct; + e in the definition of fee by the smooth function uj,, := + e^- 

In conclusion of this appendix we reproduce a statement corresponding to [9, Lemma 3.1] with 
fee instead of \y\. The proof is the same. 

Lemma B.6. Assume Hypothesis (jl.lOp on the coupling function g is satisfied for some — i < ^ < 



2 

^ . Then 



3 



Appendix C. Technicalities 

In this appendix we prove technical statements used in the main text. Most of the results we 
present here are close to known ones. We begin with the following standard result, which was used 
implicitly at several places. 

Lemma C.l. Let a, b he two self-adjoint operators on I) with fe > 0, D{b) C D{a) and \\aip\\ < \\bLp\\ 
for all if £ D{b). Then D{dT{b)) C D{dT{a)) and ||dr(a)^>|| < ||dr(fe)$|| for all ^ G L>(dr(fe)). 

We recall that, given two operators a, c on \], the operator dr(a,c) was defined in ()5.10p . and 
df(a,c) := ;7dr(a,c). 

Lemma C.2. Let j = {jo,joo) and c = diag{co,Coo), where jo, jcx),co,Coo,ci,C2 are operators on t). 
Furthermore, assume that jgjo + J^Joo ^ 1- Then we have the relations 

\{4>,dt{j,cm < iidrdcoD^^^ic^iiiidrdcoD^V'll 

+ ||i®dr(|coo|)^||||dr(|coo|)^V'll, (C.l) 

\{u,dr{j,ciC2)v)\ < ||dr(cic^)5w||||dr(c^C2)^^;||. (C.2) 
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Proof. Let (p = and for an operator b on tj define operators iob := diag(6, 0) and ioo& := 
diag(0,6) on {) e f). Since f7*dr(|co|)5 (g)lU = dr(io|co|)5 and f7*l (g) dr(|coo|)^[/ = dr(ioo|coo|)^ 
the statement of the lemma is equivalent to 



\{<p,dT{j,cm <||dr(io|co|)2(/,||||dr(|co|)^ 

IdrdcooD^V'll. (C.3) 



'-oo I "-oo I J 



We decompose dr(j, c) = dr(j, ioco) + dr(j, iooCoo) and estimate each term separately. We have, 
using that || j|| < 1, 



|(0,dr(j,ioco)^)| < ^\{\ioCo\l4>, \ioCo\lilj)\, 
1=1 

where \ioCo\i := 1 • • • ® 1 (g) io|co| (g 1 • • • 1, with the operator |ioCo| appearing in the 
component of the tensor product. By the Cauchy-Schwarz inequality, we obtain 

K<^,dr(j,zoCo)V>| <5]llKoco|f<AllllKoco|fV'|| < (^IINoco|f0f)'(^|||ioco|fV'l"^' 
1=1 1=1 1=1 



||dr(|ioCo|)5^||||dr(|ioCo|) 



Since ||dr(|ioco|) 2 V'||j^(()ef)) = l|dr(|co|)2'i/'||j^(f)), we obtain the first term in the r.h.s. of (jC.Sp . The 
second one is obtained exactly in the same way. ()C.2p can be proven in a similar manner. □ 



In the following lemma, as in the main text, the operator j^o on L (R'^) is of the form j^o = 
Xb^>ct<^, where, recall, = ^{ve{k) ■ y + h.c), where Ve{k) := 9^Voj, 9^ = ^jj^, and e = t~'^, k > 0. 

Lemma C.3. Assume a + k > 1. Let u ^ F. Then ||(r(joo) — l)e~'^^f^u\\ — > 0, as t ^ 00. 

Proof. Assume that u G D{dT{{y))). Using unitarity of e"*-^/* and the fact that e"*-^/* = r(e~*'^*), 
we obtain 

||(r(joo) - l)e-^^/*n|| = ||(r(e^-*jooe-^'^*) - l)u\\ < \\dT{e''^'j^e-'^')ul (C.4) 

where j'oo = 1 — joo- Using the identity e^^'^^^e"**^ = 6^ + O^t and the Helffer-Sjostrand formula 
show that 



Since a + K > 1, we have Xk+M<-i = Y t^+t ^-i + 0(t~^'^~^'^~^'>). Due to > 1 on suppxte+t^i for 
t sufficiently large, we have 

II ^11 ^11 -2^^ ^11 ^ l|2(y)^ll 

and therefore 



dr (xfi+M<i)'" 



< jl|dr((y»H 



Together with (lOil) . this shows that ||(r(joo) - l)e''"f^u\\ 0, for u G D{dT{{y))). Since 
D(dr((y))) is dense in F, this concludes the proof. □ 

Lemma C.4. Assume (fLTOl) with /i > -1/2 and (fTTTT) . T/ien Ran(Pgs) C V{m)r\V{dT{b'^)^), in 
other words, the operators NiPgs and dT{b'^)2 Pg^ are bounded. Moreover, we have ||dr(6^) 2 Pgg|| = 
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Proof. Let $gs G Ran(Pgs). The statement of the lemma is equivalent to the properties that 

k ^ ||a(/c)$gs||, k ^ ||6ea(/c)$gs|| G L'^{R^), (C.5) 

and that ||6ea(/c)^>gs||x,2(-R3) = 0{t'^). The well-known pull-through formula gives 

a(fc)$gs = -{H - Eg, + \k\)-^g{k)^g,. 

Since \\{H - Eg, + |^|)""^|| < \k\^-^ one easily deduces that ||a(fc)<I>gs|| G ^^(M^) for any fi > -1/2. 
Likewise, using in addition that = uj^^^{k • Vfc + Vfc • k) — iu}/{2uj'^), together with 

IIP • V, + Vfe • k), {H - Sgs + |A;|)-i]|| < \\\k\{H - Eg, + \k\)-^\\ < \k\-\ 

and (I1.10|) - (ll.lip . one easily deduces that \\bea{k)^gs\\L'2{R'i) = 0{t'^) for any /x > —1/2. □ 



Supplement I. The wave operators 

In this supplement we briefly review the definition and properties of the wave operator Q^, and 
establish its relation with W+ in Theorem 1.2 below. Let Tib = Tipp{H) n l(-oo,E)(-f^) be the 
space spanned by the eigenfunctions of H with the eigenvalues in the interval (— cx),S). Define 
^0 := {h G L'^iM.^), J \h\'^{\k\^^ + \k\'^)dk < oo}. The wave operator 17+ on the space Tib ^ J^ani^o) , 
is defined by the formula 

n+ := s-lime^*^I(e-^*-f^ e-'^^f). (I.l) 
As in [H [m HZl [28], it is easy to show 

Theorem I.l. Assume (jl.lOp with /x > —1/2 and (jl.lip . The wave operator exists on 
T~ib ®-^fin(tlo) cind extends to an isometric map, 17+ : Has — ^ on the space of asymptotic states, 

Proof Let ht{k) := e-^*l'=l/i(/fc). For h G D{uj-^/^), s. t. O^/i G DiJ""^-^/^), \a\ < 2, we define the 
asymptotic creation and annihilation operators by (see [T6 l [T7 \ |2^ [28] ) 

af{h)<^ := lim e'^"a*{ht)e-'^"^, 

>±oo 

for any <I> G D{\H\^/^)f]Yia,nE(^_^Y,^{H). Here a'^ stands for a or a*. To show that a+(/i) exist 
(see [IS[28]), we define af{h) := e'^" a#{ht)e-'^^ and compute a*{h) - af{h) = dsdsat{h) 
and dsat{h) = ie*-'^*Ge~*^*, where G := [H,a'^{hs)] — a^{ujht) = {Oiht) 12(^(1^-^ for a* = a* and 
~{^^t,9)L^{dk) foi' = ^- Thus the proof of existence reduces to showing that one-photon terms 
of the form {rig,ht) are integrable in t. By (jl.lOp . we have || /it)L2(dfc) llwp ^ (1 + with 
< e < + 1, which is integrable. Moreover, as in |16l [28] one can show that a'^{h) satisfy the 
canonical commutation relations and relations a±{h)^ = 0, and 

hm e''"a*{hi,t) ■ ■ ■ a#(/i„,t)e-^*^<I' = af (/ii) • • • af (/i„)<I>, (1.2) 

t— >±oo 

for any \& G Tib, h,hi, - ■ ■ ,hn £ i)o, and any <I> G ll(_oo x;)(-f^)- We define the wave operator $7+ on 
T-Lan by 

n+($ (g> a*{hi) ■ ■ ■ a*{hn)n) := al{hi) ■ ■ ■ a;(/i„)$. (L3) 

Using the canonical commutation relations, one sees that 17+ extends to an isometric map 17+ : 

n. Using the relation e^*-^($ a*{hi) ■ ■ ■ a#(/i„)17) = (e**^$gs) {a*{hi^t) ■ ■ ■ a*(/i„,t)17), 
the definition of / and p.2p , we identify the definition O.SP with O.ip . □ 
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Recall that Pgs denotes the orthogonal projection onto the ground state subspace of H. Let 
Pgs := 1 — Pgs and Pq := 1 — Pq, where, recall, P^ is the projection onto the vacuum sector in J^. 
Theorem 15.41 and its proof imply the following result. 

Theorem 1.2. Under the conditions of Theorem \5.4\ we have on RanxA(-ff) 

0+(Pgs ® Pn)W+Pgs + ^'gs = 1. (1.4) 



Proof. Let tpo e RanxA{H). For every e" > there is 5" = 5{e") > 0, s.t. 

||Vo-V'Oe"-^'gs^o|| <e", (1.5) 
where V'oe" = XA^„{H)ipQ, with A^/ = [Egs + 5,a]. Proceeding as in the proof of Theorem 15.41 with 
V'oe" instead of tpo, we arrive at (see (|5.63p ) 

V^oe" = e-^^*/(e-^^-*Pgs ® e-*^/*X(o,a™i^,.](^/))0Oe' + O(e') + C(e',m)ot(l) + C{e')omil), (L6) 

where we choose (j)Q^' such that (/>o,e' G D{dT{{y))) (X" -Ffin(f)o) and ||VF+Voe" ~ ^Oe'll ^ ^' ■ Now using 
Theorem LI, we let t — ?■ oo, next m — )• oo to obtain 

^Oe" = f^+(ii5s X{0,a-E^.]{Hf))(l)Oe' + 0(e')- (1-7) 

Since is isometric, hence bounded, we can let e' — )• 0, which gives 

ll^Oe" = ^+{Pgs ® X{0,a-E^,]{Hf))W+ll;oe" = ^+{Pgs ® Pq) VF+PgsV'Oe" • (1-8) 

Here we used that Xio,a-Es,]{Hf) = PQX{o,a-Egs]iHf), together with ^{o.a-Egs] (^/)^+V'0£" = 
VF+Voe" and V'oe" = -PgsV'Oe"- Introducing p.SP into p.SP and letting e" — >• 0, we obtain 

which gives p.4h . □ 



Supplement IL Creation and annihilation operators on Fock spaces 

With each function / E f), one associates creation and annihilation operators a{f) and a*{f) 
defined, for u G as 

a*(/) : u ^ \/n + If 0s u and a{f) : u ^ \/n{f,u)\^, 

with (/, := J f{k)u{k, ki, . . . , /cn-i) d/c. They are unbounded, densely defined operators of r(f}), 
adjoint of each other (with respect to the natural scalar product in J^) and satisfy the canonical 
commutation relations (CCR): 

[a#{f),a*{g)]=0, [aif),a*{g)] = {f,g), 

where a* = a or a*. Since a{f) is anti-linear and a*{f) is linear in (p, we write formally 

«(/) = / maik)dk, a* if) = j f{k)a*{k)dk, 

where a{k) and a*[k) obey (again formally) the canonical commutation relations 

[a*{k),a*{k')] =0, [a(k),a*{k')] = 6{k - k'), 

Finally, given an operator b acting on the one-photon space, the operator dr(5) defined on the 
Fock space T by (II. 2p can be written (formally) as dr(6) := J a* {k)ba{k) dk, where b acts on the 
variable k. 

The following bounds on a{f) and a*(/) are standard (see e.g. [29]). 
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Lemma II.l. Recall the notation \\h\\^ := f dk{l + uj-'^)\h{k)\'^ . Let f e i) = L'^{R^). The 
operators a{f)(N + l)"-*^/^ and a*{f){N + 1)^^/^ extend to bounded operators on % satisfying 

||a(/)(iV + l)-^|| < 11/11, ||a*(/)(iV + l)-^|| <^/2||/||. 

//, in addition, f satisfy w^^/^/ G L^(M^), then the operators a{f){Hf + and a*{f){Hf + 

1)^^/^ extend to bounded operators on T-L satisfying 

\\aU){Hf + ir^\ < \\oJ---f\\, \\a*{f){Hj + l)--2\\ < \\f\\^. 
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